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Abstract 


This thesis is concerned with the development of a general method to compute 
renormalised local observables for quantum matter fields, in a given quantum state, 
on a rotating black hole spacetime. The rotating black hole may be surrounded by a 
Dirichlet mirror, if necessary, such that a regular, isometry-invariant vacuum state 
can be defined. We focus on the case of a massive scalar field on a (2-|-l)-dimensional 
rotating black hole, but the method can be extended to other types of matter fields 
and higher-dimensional rotating black holes. 

The Feynman propagator of the matter field in the regular, isometry-invariant 
state is written as a sum over mode solutions on the complex Riemannian section 
of the black hole. A Hadamard renormalisation procedure is implemented at the 
level of the Feynman propagator by expressing its singular part as a sum over mode 
solutions on the complex Riemannian section of rotating Minkowski spacetime. This 
allows us to explicitly renormalise local observables such as the vacuum polarisation 
of the quantum field. 

The method is applied to the vacuum polarisation of a real massive scalar field 
on a (2-1-1 )-dimensional warped AdSa black hole surrounded by a mirror. Selected 
numerical results are presented, demonstrating the numerical efficacy of the method. 
The existence of classical superradiance and the classical linear mode stability of the 
warped AdSs black hole to massive scalar field perturbations are also analysed. 
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Notation 


In this thesis, we use metric signature (—, • , +). For the majority of the thesis, 

we use units such that h = c = G = kB = l. 

We will use abstract index notation, as presented in Section 2.4 of |^. Greek 
indices p, z/, etc. refer to tensor components with respect to some coordinate basis, 
whereas abstract indices are Latin indices a, 6, etc. and are used to denote tensor 
equations which are valid in any basis. 

The Riemann tensor, in a coordinate basis, is given by 

DM _ O pM _ ^ FM I pA pM _ pA pM 
-'l- upcr Dpi L )^p j- J^pi , 

and the Ricci tensor is defined by Rat = R^acb- 

The complex conjugate of a complex number z is denoted by z. The adjoint of 
an operator T acting on a Hilbert space is denoted by Th If H and B are sets, then 
A G B means that H is a subset of, or is included in, B. 

Other notation and mathematical conventions are introduced in Chapter 


Introduction 


It would be an understatement to claim that the main principles of fundamental 
physics were completely overturned during the last century. At the time of writing 
up this thesis, the formulation of general relativity by Albert Einstein, which revo¬ 
lutionised the notions of time and space and replaced Newton’s laws of gravitation, 
is celebrating its 100th anniversary. Moreover, starting during the 1930s, quantum 
held theory provided a new theoretical framework to understand the elementary 
constituents of matter and their interactions, which has culminated with the stan¬ 
dard model of elementary particles in the 1970s. These theories have enjoyed a 
remarkable degree of experimental success and have allowed us to describe almost 
every single observation made to this day. 

In spite of these major achievements, there remains a very important theoretical 
gap in our understanding of fundamental physics: in their current versions, general 
relativity and quantum held theory are not compatible and, as such, there is not 
currently a quantum theory of gravity. It has been proven prohibitively difficult to 
describe the gravitational held in the framework of quantum held theory, a strategy 
which was successful with the electromagnetic, weak and strong nuclear interactions. 

During the last few decades, there have been several proposals for a theory of 
quantum gravity, most notably string gravity and loop quantum gravity. String 
theory claims to provide a unihed description of the elementary particles and in¬ 
teractions, including the graviton and the gravitational interaction, having as the 
most basic physical constituent a one-dimensional object called a “string” Loop 
quantum gravity attempts to describe the structure of spacetime as consisting of 
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networks of finite loops, the so-called “spin networks” . Other approaches include 
asymptotic safety and causal dynamical triangulations [^. 

One common feature of all these proposals is that they reduce to descriptions 
of quantised fields on classical curved backgrounds for energy levels way below the 
Planck scale, 


hU’ 


Ep = y ^ ^ 1.22 X 10^® TeV, 

where h is the reduced Planck’s constant, c is the speed of light in vacuum and G is 
Newton’s gravitational constant. The relevant regime for a full theory of quantum 
gravity is the one with energies of the order of the Planck energy or above and it 
concerns extreme situations such as neighbourhoods of black hole singularities and 
the Big Bang itself. On the other hand, the current limit of high energy experiments, 
such as the ones carried out in the Large Hadron Collider in CERN, is of the order of 
10 TeV, about 15 orders of magnitude below the Planck scale. Therefore, for energy 
scales much smaller than the Planck scale it is natural to expect that the quantum 
effects of the gravitational held are negligible and that a description in which only 
the matter helds are quantised and the spacetime itself remains classical and hxed 
should provide a very good approximation to physical reality. 

We can then think of quantum field theory on curved spacetimes [9 -11 as a hrst 
step in the direction of formulating a theory of quantum gravity and an immediate 
generalisation of standard quantum held theory on hat spacetimes. The ehects of the 
matter helds on the background geometry are ignored and, as such, the spacetime 
is hxed. We may improve the theory by including the backreaction ehects of the 
matter helds on the background, which is the realm of semiclassical gravity. Now, 
the spacetime is not hxed and its dynamics is given by the semiclassical Einstein 
equations, 

Gab = ^{Tab) , 

where Gab is the Einstein tensor and (Tab) is the expectation value of the stress- 
energy tensor of a matter held in some quantum state, which acts as the source 
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term. The computation of this local observable is then paramount in this frame¬ 
work. However, the stress-energy tensor is quadratic in the held operators, which are 
mathematically operator-valued distributions in the spacetime, hence, a renormali¬ 
sation procedure is necessary to remove their short-distance singularity behaviour. 
We will return to this important point below. 

Similarly to quantum held theory on curved spacetimes, semiclassical gravity 
breaks down at the Planck scale. But it also breaks down when the huctuations of 
the stress-energy tensor become large, in which case the expectation value {Tab) is 
no longer a good ht for the source term of the semiclassical Einstein equations. One 
expects that a new term encoding the stress-energy huctuations should be added 
to the source term. A self-consistent approach to extend semiclassical theory to 


account for these quantum huctuations is stochastic semiclassical gravity 12 . This 
theory can be considered yet another step in the direction of quantum gravity. 

In this thesis, we will focus on the framework of quantum held theory on curved 
spacetimes, with the intent of applying it to rotating black hole spacetimes. Histor¬ 
ically, the study of quantum held theory on black hole backgrounds has mostly been 
restricted to asymptotically hat spacetimes, due to their relevance for astrophysics. 


Perhaps the most famous result is the celebrated Hawking ehect 13 , by which a 
black hole formed by stellar collapse emits thermal radiation. Recently, some atten¬ 
tion has also been devoted to asymptotically anti-de Sitter (AdS) spacetimes, due to 
the AdS/CFT correspondence [^, but usually only in the classical regime, as this 
is sufficient in the context of the AdS/CFT correspondence, and hence few attempts 
have been made to study quantum held theory on these backgrounds. 

Besides the characteristics of the asymptotics of these black holes, a major part 
of the research has addressed static, spherical symmetrical geometries, where the 
isometries can be used to simplify computations. It was also in this setting that 
the hrst explicit calculations of renormalised local observables for a matter held on 
a black hole were performed, such as the vacuum polarisation and the expectation 


value of the stress-energy tensor 15 
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Static, spherical symmetric black holes have two key properties that can be 
utilised in the computation of local quantum observables. First, as we shall describe 
in detail in this thesis, for static spacetimes one can make use of the so-called 
“Euclidean methods” to simplify the computation of certain quantities such as the 
Feynman propagator for a given matter held. For instance, if one considers a scalar 
held <F, its Feynman propagator associated with a vacuum state |0) is dehned as 

x') := i (0|^ (<F(a:)<F(a;')) |0) , 


where ^ is the time-ordering operator. The Feynman propagator takes a crucial role 
in the renormalisation of the vacuum polarisation, ($^(a;)), and of the expectation 
value of the stress-energy tensor, {Tab{x)). The Euclidean method allows us to 
consider the Riemannian (or “Euclidean”) section of the static spacetime (by means 
of a Wick rotation) on which the Green’s distribution associated with the matter held 
equation is directly related to the Feynman propagator evaluated for a well dehned 
state which is invariant under the isometries of the spacetime. In the specihc case of 


a Schwarzschild black hole, this state is known as the Hartle-Hawking state 21 . The 
Green’s distribution is unique, due to the ellipticity of the matter held operator in the 
Riemannian manifold, and its computation may be done using standard techniques 
of the theory of Green’s functions. 

Second, and directly related to the previous point, a state like the Hartle- 
Hawking state in a Schwarzschild black hole is well known to exist for static black 


hole spacetimes 22 . Therefore, the method described above leads to the Feynman 
propagator evaluated for such a state, after which the renormalisation procedure can 
be applied to obtain the desired local observable. If we want the local observable to 
be evaluated with respect to another quantum state, it suffices to use the regular, 
isometry-invariant state as a reference and calculate the diherence, which is hnite 
without any further renormalisation. 

Having said this, there have been attempts at considering stationary, but non¬ 


static, black hole spacetimes, with the main focus on Kerr 23 29 . In particular, the 
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computation of the renormalised expectation value of the stress-energy tensor has 
proven to be very challenging and, so far, almost all calculations have only addressed 
the differences between expectation values for different quantum states 


29 and 


the large held mass limit 30 . A notable exception is 31 , where the stress-energy 


tensor for the rotating BTZ black hole in 2-1-1 dimensions 32,33 was renormalised 
with respect to AdSa, by using the fact that the black hole corresponds to AdSs with 
discrete identihcations, but this method cannot be used for more general classes of 
rotating black holes. 

In comparison with the static, spherical symmetric case, we may summarise 
the main difficulties to compute renormalised local observables for matter helds on 
rotating black hole spacetimes in three points: 


(i) the non-existence of generalisations of the Hartle-Hawking state, i.e. a regular, 
isometry-invariant vacuum state; 

(ii) the unavailability of Euclidean methods to simplify the computation of quan¬ 
tities such as the Feynman propagator; 

(iii) the technical complexity of the computation to the lack of spherical symmetry. 


In this thesis we address each of the above points and provide a method to 
explicitly compute certain classes of local observables for quantised matter helds on 
a wide variety of rotating black hole spacetimes. 

Concerning point (i), it has been shown that the Hartle-Hawking state for a 
scalar held in the Schwarszchild spacetime does not have a generalisation to the 


Kerr spacetime 22 . As reviewed in 27 , this is linked to the existence of a speed 
of light surface, outside of which no observer can co-rotate with the Kerr horizon, 
which does not exist in the Schwarszchild spacetime. An heuristic way to understand 
this point is to note that an observer on Schwarzschild co-rotating with the horizon 
would perform measurements with respect to the Hartle-Hawking state, which is, by 
dehnition, regular at the horizon. However, on Kerr, such observers cannot rotate 
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with the same angular velocity as the Kerr horizon at and beyond the speed of light 
surface, as their worldlines would become null or spacelike. Given that the notion 
of a quantum state is a global notion, there cannot be a state which is regular at 
the horizon and dehned everywhere in the exterior region of the black hole. 

One way around this problem is to restrict the spacetime on which the matter 
held propagates so that it does not include the region from the speed of light surface 
to inhnity. This can be done explicitly by inserting an appropriate timelike boundary 
which respects the isometries of the spacetime. The simplest example is a bound¬ 
ary on constant radial coordinate at which the matter held vanishes, i.e. Dirichlet 
boundary conditions are imposed. We shall often call this boundary a “mirror”. If 
the boundary is located between the horizon and the speed of light surface, then a 
vacuum state which is regular at the horizon and invariant under the isometries of 


the spacetime may be dehned 28 


Regarding point (ii), the Euclidean methods used for static spacetimes to com¬ 
pute quantities such as the Feynman propagator, by performing the calculations on 
the Riemannian section of the spacetime, cannot be easily generalised to rotating 
spacetimes, since, in general, such a Riemannian section does not exist. This is the 


case for the Kerr black hole 34 . Note further that, even if such section with a posi¬ 
tive dehnite metric existed, the Green’s distribution associated with the matter held 
equation could not be related with the Feynman propagator evaluated for a regular, 
isometry-invariant vacuum state on the original spacetime, since such a state does 
not generally exist, cf. point (i). 

Nevertheless, even though Kerr and other rotating black holes do not admit a 
real Riemannian section, the portions of their exterior regions between the horizon 
and the mirror we introduced previously do admit a complex Riemannian section, 
which is obtained by means of a Wick rotation, but with no further analytical 


continuation of metric parameters 35 -^ (a precise dehnition will be given in this 
thesis). The metric of the complex Riemannian section of the rotating black hole 
is complex-valued and the matter held operator is no longer elliptic as in the static 
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case. However, analogously to the static case, the Green’s distribution associated 
with the matter held equation which is regular at the horizon and satishes the 
Dirichlet boundary condition at the mirror is unique and can be related to the 
Feynman propagator evaluated for the regular, isometry-invariant state. 

Both in the static and stationary cases, the Green’s distributions on the Rie- 
mannian sections are obtained as discrete sums over mode solutions of the dehning 
differential equations. These sums are not convergent and a renormalisation proce¬ 
dure is required in order to subtract their short-distance (or high-frequency) diver¬ 
gences. An important property of these Green’s distributions, and which is the basis 


of the so-called Hadamard renormalisation 38 -40 , is the fact they can be decom¬ 
posed into a purely geometric part, which is singular in the coincidence limit, and a 
state-dependent part, which is regular in the coincidence limit. The idea is then to 
subtract the singular, purely geometric part, after which the renormalised local ob¬ 
servables of interest, which involve the coincidence limit of the Green’s distributions, 
can be obtained. 

Yet, this is easier said than done. The singular part of the Green’s distribu¬ 


tion is known in closed form for spacetimes of any dimension 40 , whereas the full 
Green’s distribution on a stationary spacetime is known only as a sum over mode 
solutions. It is, however, a highly non-trivial task to express the singular part of 
the Green’s distribution as a mode sum, such that the short-distance divergences 
can be subtracted term by term. The strategy implemented in this thesis is to 
express the singular part of the Green’s distribution as a sum over mode solutions 
on a spacetime for which the Green’s distribution is known both in closed form (in 
terms of known functions) and as a mode sum, such as the Minkowski spacetime. 
This technical point will be fully explored in this thesis and we will argue that only 
the asymptotic approximations for the mode solutions for large values of the sum 
indices are needed in order to perform the subtraction. This is especially impor¬ 
tant for Kerr and higher-dimensional black holes for which the mode solutions have 
to be constructed fully numerically. In this way, one can remove the divergences 
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of the Green’s distribution for the rotating black hole spacetime and compute the 
renormalised local observables. 

It remains to address point (iii) on the technical complexity of the computa¬ 
tion. This is clearly manifest, for instance, on the fact that the partial differential 
equations describing matter helds propagating on Kerr can be separated into two 


ordinary differential equations, a radial and an angular part 41 , whereas only the 
radial part is necessary for helds propagating on Schwarzschild. In order to de¬ 
scribe the method to compute local observables on rotating black holes discussed 
in this thesis without superhuous technical details, we will focus on rotating black 
hole spacetimes in 2-1-1 dimensions which are solutions of Einstein gravity or other 
modihed theories of gravity. 

(2-1-1 )-dimensional gravity provides a convenient area to explore several aspects 


of black hole physics and quantum gravity 42 . Research on this held greatly in¬ 
creased after Einstein gravity in 2-1-1 dimensions was shown to be equivalent to a 


Chern-Simons gauge theory 43,44 . The main advantage of focusing on this lower¬ 
dimensional setting is its technical simplicity and, in particular, the fact that many 
of quantities of interest can be obtained in closed form, such as the mode solutions 
of matter held equations. Even though Einstein gravity in 2-1-1 dimensions is a 
topological theory with no propagating degrees of freedom, it was possible to hnd 
a black hole solution, the Bahados-Teitelboim-Zanelli (BTZ) black hole, when the 


cosmological constant is negative 32,33,45 . This spacetime is asymptotically AdS, 
and a vast amount of research has been done on it, partly inspired by the AdS/CFT 
correspondence after the late 1990s. 

If one insists on having at least one propagating degree of freedom, one may con¬ 
sider a deformation of Einstein gravity called topologically massive gravity (TMG), 
which is obtained by adding a gravitational Ghern-Simons term to the Einstein- 


Hilbert action with a negative cosmological constant 46,47 . The resulting theory 
contains a massive propagating degree of freedom, although at the expense of being 
a third-order derivative theory. A very important property of this theory is that so- 
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lutions of Einstein gravity, snch as AdSa and the BTZ black hole, are also solntions 
of TMG. Nevertheless, there are also new solntions and we focns on the warped 


AdSs vacnnm solntions and the warped AdSs black hole solntions 48 -52 . Math¬ 
ematically, warped AdSs spacetimes are Hopf hbrations of AdSs over AdS 2 where 


the hbre is the real line and the length of the hbre is “warped” 53,54 . These soln¬ 
tions are thonght to be pertnrbatively stable vacna of TMG in a wide region of the 


parameter space of the theory, in contrast to the AdSs solntion 55 . Analogonsly 
to the BTZ black hole, the warped AdSs black hole solntions are identihcations of 
warped AdSs vacnnm solntions. In the limit in which the warping of spacetime 
vanishes, one recovers the BTZ black hole as a solntion of TMG. 

There are several reasons why the stndy of matter helds in warped AdSs black 
hole spacetimes is interesting on its own right. These black holes are rotating (in 
fact, they do not have a static limit) and their cansal strncture resembles asymptot¬ 
ically flat spacetimes in the general case and AdS in the limit of no warping (which 
corresponds to the BTZ black hole) [^. We then have at onr disposal an example 
of a (2-1-1 )-dimensional black hole whose asymptotic strnctnre is very similar to Kerr 
and on which we can investigate the implementation of the method described in this 
thesis in a simpler setting. Note, however, that these black holes are not, strictly 
speaking, asymptotically flat, as they are asymptotic to the warped AdSs vacnnm 
solntions. Another particnlarly novel point is that these rotating black holes do not 
possess a stationary limit snrface, bnt they nonetheless have a speed of light snrface. 

Henceforth, for the reasons given above, as an example on which to apply the 
general method to compnte the renormalised local observables on rotating black 
holes, we will nse the warped AdSs black hole and consider a real massive scalar held 
propagating on this backgronnd. We will see that the nse of this (2-|-l)-dimensional 
spacetime allows ns to perform the calculations without having to deal with all 
the technical difficulties arising in its higher-dimensional analogues, namely most 
of the numerical computations — the only numerics we will need is for the mode 
sums which give the Green’s distributions associated with the scalar held equation. 
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However, we emphasise that the implementation of our method does not require the 
knowledge of the mode solutions of the held equation in closed form, but only their 
asymptotic approximations for large values of the quantum numbers. 

In closing, we should also note that this method is suitable to compute a wide 
class of local observables such as the vacuum polarisation of a scalar held, (d>^(x)), 
but it turns out not to be suitable for local observables such as the expectation 
value of the stress-energy tensor, {Tab{x)). The main reason for this limitation is the 
impossibility of expressing the singular part of covariant derivatives of the Green’s 
distributions for a rotating black hole as a sum over mode solutions, or derivatives 
of mode solutions, on Minkowski spacetime, for which the Green’s distribution and 
its derivatives are known in closed form. As we will see in detail in the thesis, this 
comes essentially from the fact that the shift function of the metric of Minkowski 
written in some rotating coordinate system is a constant in spacetime, whereas 
the shift function of the metric of a rotating black hole is a function of the radial 
coordinate in some coordinate system. This makes the task of expressing the short- 
distance singular behaviour of covariant derivatives of the Green’s distribution for 
the rotating black hole in terms of the short-distance singular behaviour of covariant 
derivatives of the Green’s distribution for Minkowski impossible. We shall return to 


this point in the Gonclusions 


Outline 

The outline of the thesis is as follows. It is divided in two main parts. Part I deals 
with the basics of quantum field theory on curved spacetimes, with particular focus 
on rotating black hole spacetimes, and the method to compute renormalised local 
observables for quantised matter fields propagating on rotating black holes. Part II 
introduces the (2-1-1 )-dimensionaI warped AdSa black hole solution and uses it as 
the background for an explicit computation of the vacuum polarisation for a massive 
scalar held on the Hartle-Hawking state. 
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Part I starts with Chapter which gives an overview of the mathematical tools 
used throughout the thesis, with the intent of establishing notation and stating the 
necessary essential results on the causal structure of spacetimes, stationary space- 
times, bi-tensors, symplectic and Hilbert spaces, distribution theory and hyperbolic 
and Green operators. 

In Chapter we present a detailed overview on quantum held theory on curved 
spacetimes. In particular, we explore the classical and quantum theories of a real 


scalar held on a globally hyperbolic spacetime in Section |2.1[ before focusing on sta¬ 
tionary spacetimes in Section |2.2 and on spacetimes with boundaries in Section 2^ 


We hnish this chapter with a description of the Hadamard renormalisation procedure 
in Section 12.41 

Chapter deals with the method to compute renormalised local observables in 
rotating black hole spacetimes and constitutes the most important new results in this 


thesis. In Section 3.1 we consider a massive scalar held on a (2-|-l)-dimensional rotat¬ 
ing black hole surrounded with timelike boundaries (the “mirrors”) and construct 
the regular, isometry-invariant vacuum state, which we call the Hartle-Hawking 
state. In order to obtain the Feynman propagator evaluated for this quantum state. 


in Section 3^ we introduce the “quasi-Euclidean method” which allows us to obtain 
the complex Riemannian section of the exterior region of the rotating black hole, on 
which we get the Green’s distribution associated with the scalar held equation, ex¬ 


pressed as a sum over mode solutions. In Section 3.3, we implement the Hadamard 
renormalisation procedure to subtract the short-distance divergences of the Green’s 
distribution. This is done by expressing the singular part of the Green’s distribu¬ 
tion on the rotating black hole as a sum over mode solutions on Minkowski. This 


culminates on Theorem 3.3.1 where it is shown that the resulting mode sum is con¬ 
vergent in the coincidence limit. All this procedure allows us to obtain the vacuum 
polarisation for a scalar held on the (2-1-1 )-dimensional rotating black hole, but we 
argue that this method can be straightforwardly extended to higher-dimensional ro¬ 
tating black hole spacetimes. We hnish this chapter by explaining why this method 
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is not suitable to renormalise the expectation value of the stress-energy tensor in 
Section 13.41 

Having developed the main method in the preceding chapters, in Part II the 
method is applied to explicitly compute the renormalised vacuum polarisation of a 
scalar held on a warped AdSa black hole. 

We introduce the black hole solutions in Chapter after a brief discussion of 
Einstein gravity and topologically massive gravity in 2-1-1 dimensions. 

Before moving to the quantum theory, we hrst have a detailed look at some 
aspects of the classical theory of a scalar held on a warped AdSa black hole in 
Chapter in particular the existence of classical superradiance and the classical 
stability of the black hole to scalar held mode perturbations. We conclude that 
classical superradiance is indeed present, but that it does not lead to superradiant 
instabilities, even when the black hole is surrounded by a mirror, which is the case 
we are interested in the quantum theory. These stability results are new. 

Finally, in Chapter we use the method of Chapter to compute the renor- 
malised vacuum polarisation of a scalar held in the Hartle-Hawking state on a 
warped AdSs black hole surrounded by a mirror. Selected numerical results are 
presented, demonstrating the numerical efficacy of the method. 

The thesis is concluded with some hnal remarks about the research described 


above in the Conclusions This is followed by four appendices, which deal with 
the complex Riemannian section of the Minkowski spacetime, WKB expansions, 
hypergeometric functions and classical black hole superradiance. 
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Chapter 1 


Mathematical preliminaries 


The aim of this chapter is to present the mathematical tools which will be used 
throughout the thesis. It is assumed that the reader is familiar with the basic 
mathematics used in general relativity and quantum field theory. The intent here 
is to establish notation and present the necessary definitions and theorems, without 
many details and often without proofs. Relevant references to all the topics are 
provided. 


1.1 Spacetime and causal structure 


In this section, the basic ideas on the causal structure of spacetimes are presented, 
leading to the definition of a globally hyperbolic spacetime, the usual starting point 
for Quantum Field Theory. Standard references for this topic are chapter 8 of 


and chapter 6 of 57 


First, we start by recalling the basic definition of spacetime. 


Definition 1.1.1. A spacetime {M,g,o,t) is a d-dimensional {d > 2) connected, 
orientable, time-orientable, smooth manifold M equipped with a smooth Lorentzian 
metric g of signature a choice of orientation o and a choice of time 

orientation t. 


14 
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Remark 1.1.2. For convenience, a spacetime (M, g, o, t) will often be denoted either 
by (M, g) or more simply by M. 

The Lorentzian character of g provides a causal structure to the spacetime M. 
For each point p G M, denote the tangent space by TpM. The following dehnitions 
concerning properties of tangent vectors and vector helds are standard. 

Definition 1.1.3. A non-zero tangent vector Vp G TpM is timelike if g{vp,Vp) < 0, 
null if g{vp,Vp) = 0 and spacelike if g{vp,Vp) > 0 . A tangent vector is causal if it is 
either timelike or null. 


Remark 1.1.4. Dehnition |1.1.3| can be extended to vector helds if these satisfy the 
aforementioned properties for all p G M. 


Definition 1.1.5. A Lorentzian manifold M is said to be time-orientable if there 
exists a smooth global timelike vector held on M. 

Definition 1.1.6. Let M be a time-orientable Lorentzian manifold. A time-orientation 
t is an equivalence class [n] of timelike vector helds v where n ~ tc if g{vp,Wp) < 0 
for all p G M. 

Definition 1.1.7. Let M be a time-orientable manifold and let t = [n] be a time- 
orientation. A causal vector Wp at p G M is future-directed (resp. past-directed) if 
g{up,Vp) < 0 (resp. g{up,Vp) > 0), for any n G t. 

Definition 1.1.8. A smooth curve is called spacelike (resp., timelike, null, causal, 
future-directed, past-directed) if its tangent vector is everywhere spacelike (resp., 
timelike, null, causal, future-directed, past-directed). 

Remark 1.1.9. A timelike curve is sometimes referred to as a worldline or a observer. 


Definition 1.1.10. A point p G M is said to be the future (resp., past) endpoint 
of a future- (resp., past-) directed curve 7 if for every neighbourhood A^ of p there 
exists a to such that 7 (f) G N for all t > to- The curve is said to be future (resp., 
past) inextendible if it has no future (resp., past) endpoint. 
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Figure 1.1: A set 1/ C M and its causal future and causal past J {U). 


Definition 1.1.11. The chronological future I^{U) (resp., chronological past I~{U)) 
of a subset f/ C M is the set of all points which can be reached from U hj a. future- 
directed (resp., past-directed) timelike curves. 


Definition 1.1.12. The causal future J^{U) (resp., causal past J (JJ)) of a subset 
f/ C M is the set of all points which can be reached from f/ by a future-directed 


(resp., past-directed) causal curves (see Fig. 1.1). Their union J{U) := J^{U) U 
J~{U) is called the causal shadow of U. 


Remark 1.1.13. Let i^{U) and j^{U) denote the boundaries of I^{U) and J^{U), 
respectively. It follows that I^{U) = J^{U) and i^{U) = j^{U). 

Definition 1.1.14. Two subsets U and V of M are said to be causally separated if 
UCJiV) = 0. 

Definition 1.1.15. A subset f/ C M is said to be achronal if U fl/“*■([/) = 0, i.e. if 
each timelike curve in M intersects U at most once. 


Definition 1.1.16. For any subset U C M, the future (resp., past) Cauchy de¬ 
velopment or domain of dependence D^{U) (resp., D~{U)) of U is the set of all 
points p E M such that every past (resp., future) inextendible causal curve through 
p intersects U. Their union D{U) := D^{U) CD~{U) is called Cauchy development 
or domain of dependence of U. 
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Definition 1.1.17. A closed achronal subset E <Z M such that -D(S) = M is called 
a Cauchy surface. 


Definition 1.1.18. A spacetime is globally hyperbolic if it has a Cauchy surface. 


As it will be seen in Section |1.7[ well posed initial value problems for classical 
fields can be formulated when those fields propagate on globally hyperbolic space- 
times. Before stating a key theorem regarding the structure of globally hyperbolic 
spacetimes, the notion of a “time function” is introduced, which is also important 


for the definition of a stationary spacetime in Section 1.2 


Definition 1.1.19. A time function is a continuous function f : M —)■ M such that 
— is a future-directed, timelike vector field. 


Theorem 1.1.20. Let M be globally hyperbolic. Then, M is isometric to M x S 
endowed with the metric ds^ = —N‘^ dC + ht, where t :M.xE ^ M. is a time function, 
N is a smooth and strictly positive function on M x E, f i—)■ hf yields a one-parameter 
family of smooth Riemannian metrics and each {t} xE is a spacelike smooth Cauchy 
surface of M. 


Proof See 58,59 


□ 


Remark 1.1.21. This theorem allows us to perform the ADM decomposition of glob¬ 
ally hyperbolic spacetimes, 

ds^ = -N^ dC + h,j {dP + dt) (dx^' + dt) , (1.1) 

where the Latin indices i,j = 1,..., d — 1 are spatial indices. N is called the lapse 
function and A^® is the shift vector. If we denote P = {dtp, we have that 


= iVn“ -F Ar“ , 


( 1 . 2 ) 


where n“ is the future-directed unit normal vector to the Cauchy surfaces and = 0 
(see Fig. 1.2). For more details, see e.g. chapter 10 of [^. 
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Figure 1.2: A surface of constant t and a surface of constant t + At, with the vectors 


An" and in (1.2). 


In this thesis, we will also be interested in the problem of constructing quantum 
held theories for certain non globally hyperbolic spacetimes, namely spacetimes with 
boundaries. Therefore, we relax the causality conditions on the spacetime, but still 
impose that the spacetime is stably causal. 

Definition 1.1.22. A spacetime (M,g) is stably causal if g has a neighbourhood 
(see for a precise dehnition) so that any spacetime {M,g), where g belongs to 
such neighbourhood, does not contain any closed timelike curves. 


In other words, we require that arbitrarily small perturbations of the metric of 
a stably causal spacetime does not lead to spacetimes with closed timelike curves. 
Furthermore, the following can be shown. 


Proposition 1.1.23. A spacetime {M,g) is stably causal if and only if there is a 
time function t on M. 


Proof. See Proposition 6.4.9 of 57 


□ 


We hnish this section by introducing nomenclature for different types of “com¬ 
pact” regions of a globally hyperbolic spacetime and spaces of functions with support 


on these regions (see Fig. 1.3). 
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(a) Timelike compact set U. 



(b) Spacelike compact set U. 


Figure 1.3: Timelike and spacelike compact sets. 

Definition 1.1.24. Let M be a globally hyperbolic spacetime. A subset [/ C M is 

(i) timelike compaet if 1/ fl J{K) is compact for each compact K C M; 

(ii) spacelike compact if it is closed and 3 compact K <Z M such that U C J{K). 
Definition 1.1.25. Let M be a globally hyperbolic spacetime. We denote by 

(i) C^{M) the space of smooth functions with compact support; 

(ii) C^{M) the space of smooth functions with timelike compact support; 

(hi) C^{M) the space of smooth functions with spacelike compact support. 


1.2 Stationary spacetimes 

1.2.1 Globally and locally stationary spacetimes 

It is important to clarify the definition of “stationary” spacetime used in this thesis. 
The strictest definition commonly found in the literature is the following. 

Definition 1.2.1. A spacetime M is called globally stationary if there exists a 
Killing vector field ^ which is timelike everywhere in M. 
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It then follows that, if t is a time function (cf. Dehnition 1.1.19) and ^ = dt is 


a Killing vector held, the metric of a stationary spacetime can be written as (1.1), 
with N, and hij being independent of t. 

An important particular case of a stationary spacetime is a static spacetime. 


Definition 1.2.2. A spacetime is static if it is stationary and if there is a spacelike 
surface which is orthogonal to the orbits of the timelike Killing vector held. 


It follows then that the metric of a static spacetime can be written as (1.1) with 
vanishing N'^ and with N and hij being independent of t. 


However, Dehnition 1.2.1 for a globally stationary spacetime needs to be relaxed 
if spacetimes such as the Kerr black hole is to be considered stationary, since it 
does not possess an everywhere timelike Killing vector held. It is common to relax 
the above dehnition for spacetimes which are asymptotically hat at null inhnity by 
requiring that ^ is timelike at least in a neighbourhood of null inhnity. In this sense, 
the Kerr black hole is a stationary spacetime, although not globally. 

A more general dehnition, that replaces the global assumption with a local as¬ 
sumption, is: 


Definition 1.2.3. A spacetime M is called locally stationary if, for any p G M, 
there exists a neighbourhood U <Z M centred in p and a vector held ^ which is 
Killing and timelike in U. 


In this thesis, we will be mostly interested in this more general class of stationary 
spacetimes. 


1.2.2 Riemannian sections of stationary spacetimes 

In many practical situations, given a Lorentzian manifold with a coordinate system 
which covers the whole manifold, it is convenient to perform analytical continua¬ 
tions in the coordinates such that one can consider a new manifold with a diherent 
signature, e.g. a Riemannian manifold, where calculations are easier to carry out. 






CHAPTER 1. MATHEMATICAL PRELIMINARIES 


21 


If the analytical continuation exists and is well defined, one can then analytically 
continue the results back to the original manifold. 

The basic idea is the following. One starts with a spacetime, i.e. a real Lorentzian 
manifold, and performs an analytical continuation in one or more of the coordinates 
by allowing them to become complex-valued and by holomorphically extending the 
metric components into the complex domain. The resulting manifold is called the 
complexified spacetime. One can then single out a subspace of interest which is a 
manifold on its own right. This subspace is called a section of the complexihed 
manifold. 

Given a static spacetime, there is a natural section of its complexihed manifold 
which is a real manifold and has Riemannian signature. 

Definition 1.2.4. Let M be a static spacetime with analytic metric given by 

ds^ = gtt dt^ -|- hij dx^dx^ , (1.3) 

where t is a global time function (and, hence, gu < 0). The real Riemannian section 
is the manifold M® with (real-valued) metric 

dsg = grr dr^ -|- hij dx^dx^ , (1.4) 

where r := R G M and, hence, grr = —gu > 0. The analytical continuation t —)■ —ir 
is commonly known as Wick rotation. 

Remark 1.2.5. In the literature, the real Riemannian section is also known as the 
Euclidean section. 

The Wick rotation can be easily generalised to the case of stationary, but not 
static, spacetimes. However, the resulting section is not a real manifold anymore. 

Definition 1.2.6. Let M be a stationary, but not static, spacetime with analytic 
metric given by 


ds^ = gu dt^ + hij (dx* -|- W dt) (da;-^ -|- W dt) , 


(1.5) 
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where t is a global time function (and, hence, gu < 0). The complex Riemannian 
section is the manifold with (complex-valued) metric 

dsc = fi'rr -|- hij (dx* — iN^ dr) (dx-^ — iN^ dr) , (1.6) 

where r := it E M. and, hence, g^r = —gtt > 0 . 

In this thesis, we will see that the complex Riemannian section allows us to vastly 
simplify calculations on stationary spacetimes, in a similar way to simplihcations 
provided by the real Riemannian section of a static spacetime, as manifested by the 
numerous “Euclidean methods” found in the literature of quantum held theory of 
static spacetimes j^. 


1.3 Bi-tensors 


In this section, we discuss bi-tensors, which are objects that transform like tensors 


at X and x' . A good reference for this topic is Chapter 2 of 61 


We assume that x and x' belong to a geodesically convex neighbourhood. 


Definition 1.3.1. A geodesically convex neighbourhood ofp G Mis a neighbourhood 
A^ of p such that, for all q, q' G N, there exists a unique geodesic connecting q and 
q' which lies entirely within N. 

To the point x we assign abstract indices a, h, etc, and to the point x' we assign 
abstract indices a', h', etc. For instance, Tab'^^ (x,x') is a bi-tensor which transforms 
like a (0,l)-tensor at x and like a (l,l)-tensor at x'. The same applies when taking 
covariant derivatives of bi-tensors. For example, if T...(x,x') is a sufficiently regular 
bi-tensor, in VaVb'T...(x,x'), Va corresponds to a covariant derivative with respect 
to X, while Vb' corresponds to a covariant derivative with respect to x'. Derivatives 
with respect to x and x' commute, i.e. VaV 6 'T...(x, x') = V?,'VaT...(x, x'). 

We will be especially interested in the limit x' —)■ x of a bi-tensor. 
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Definition 1.3.2. The coincidence limit of a bi-tensor T...{x,x'), denoted by 

[T..]{x) := \imT..{x,x), (1.7) 

x'^x 

is a tensor at x, when snch a limit exists, and is independent of the path x' —)■ x. 


(In (1.7), the Synge’s bracket notation is employed. 


We consider two important bi-tensors. 


1.3.1 Synge’s world function 

Let 7x : [0,1] —)■ M be the geodesic segment starting at a point x G M, with 
X G T^M being the tangent vector to the geodesic at x. Let V C T^M be the set 
of tangent vectors X snch that jxit) is well defined for t G [0,1]. 

Definition 1.3.3. The exponential map is the map exp^, : V —)■ M, X i—)■ 7x(l)- 

Hence, with 7x(0) = x and 7x(l) = x', one has exp^(X) = x'. 

Definition 1.3.4. The Synge’s world function a{x,x') is a bi-scalar given by 

a(x,x') := ^g{x) (exp7^(a;'),exp7^(a;')) . (1.8) 

The Synge’s world fnnction gives the half sqnared geodesic distance between 
the points x and x'. To see this, consider the geodesic segment 7 : [0,1] —)■ M 
connecting x = 7(0) and x' = 7(1), which is nniqne, since x and x' are assnmed to 
be in a geodesically convex neighbonrhood. The geodesic distance between x and x' 
is given by 

d{x,x'):=[ dt ^yg{-f{t)) {f{t),f{t)) = ^/g{x) (7(0), 7(0)) = \/gabYi^, (1-9) 

Jo 

since the integrand is constant along the geodesic. One has that exp,j, (7(0)) = x', 
thns, it follows that 
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Given this, the coincidence limit of the Synge’s world function is 

|<t]=0. (1.11) 

Concerning the covariant derivatives of the Synge’s world function, one has 

VaCr(x, x') = gabi’' , Va' 0 -(x, x') = ga'b'i’'' , (1-12) 

and, consequently, 

[V,a] = [V,ia] = 0. (1.13) 

By similar calculations, we also get 

[VaVfeCr] = [Va'Vbicr] = gab, [VaVfe/cr] = [Va'VfeCr] = -gab- (1-14) 

It also follows from (1.12) that 

VaCrV“(J = Va'CTV“ a = 2(7 . (1-15) 


Hence, V“(J and are tangent vectors to the geodesic 7 at a; and x\ respectively, 
with length equal to the geodesic distance between x and x'. 

Remark 1.3.5. In the literature, it is common to find any of the following notations 
for VaCr: VaCr = u-a = (^a, the last of which omits the semi-colon for the covariant 
derivative. In the rest of thesis, the notation a-a is used, in order to avoid confusion. 

1.3.2 Parallel propagator 

If H G T^'M is a tangent vector at x', it can be parallel transported to x along the 
unique geodesic that links x and x'. The parallel transported vector at x is given by 

V’^ix) =■. g'^^,,{x,x')V^\x'). (1.16) 

This relation defines the parallel propagator g°‘y{x,x'). Similarly, 

V^\x')=g\{x,x')V\x). (1.17) 


The coincidence limit of the parallel propagator is given by 
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1.3.3 Covariant and non-covariant Taylor expansion 

Not only we will be interested in the coincidence limit of bi-tensors, but we will 
also be interested in expanding a bi-tensor near the coincidence limit as a power 
series. There are two possible Taylor expansions: the covariant Taylor expansion, in 
which the expansion is performed in a covariant way, and the non-covariant Taylor 
expansion, which is expressed in terms of the coordinate separation of the points. 

In curved spacetimes, instead of using the flat spacetime quantity (x — x'Y, 
the expansion near the coincidence limit can be done in powers of (j’“, whose length 
coincides with the geodesic distance between x and x' . One then dehnes the covariant 
Taylor expansion as follows. 


Definition 1.3.6. The covariant Taylor expansion of a bi-tensor T...{x,x') is 




k=0 


tn 

k\ 


(x) Cr’“^ (X, X')--- (x, x') , 


(1.19) 


where the coefficients t...a^...aYx) are tensors at x. 


Proposition 1.3.7. The first expansion coefficients in (1.19) are given by 


t.. = IT..J , 

t--ai = ~ [T... ;ai] + t... -ai , 
t---aia2 ;fiifl2] t---;aia2 t---a2\CL\ 


( 1 . 20 ) 

( 1 . 21 ) 

( 1 . 22 ) 


Proof. The coefficients are obtained by repeated covariant differentiation of (1.19) 
and taking the coincidence limit. □ 

Remark 1.3.8. As with conventional Taylor expansions, it is not true in general that 


the sum in the RHS of (1.19) converges and that, when it does, it is equal to the 


LHS. In this thesis, we will only need the first few terms of the expansion and, hence, 
will treat it as an asymptotic expansion. In this way, we will not go into the details 
of the convergence of the covariant Taylor series which we will deal with. 
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Sometimes, however, it is not practical, or even possible, to compute (T’“ for a 
given curved spacetime, which makes it impossible to obtain the covariant Taylor 
expansion of a bi-tensor. Another possibility is to explicitly use a coordinate system 
in a chart that includes both x and x' and perform the expansion in the coordinate 
separation of the points. 

Definition 1.3.9. The non-covariant Taylor expansion of a bi-tensor T..{x,x') is 
T... {x, x') = ^ (2^) > (1-23) 

where i...^^...^^{x) are the components of tensors at x and Nx^ := x^ — x^'. 

As an example, one can express the bi-scalar a{x, x') in terms of a non-covariant 
Taylor expansion. 



( 1 . 26 ) 
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Substituting expansions (1.24) and (1.26) into (1.15) and equating powers of Ax", 
we get expressions for each coefficient in terms of the lower order coefficients. □ 


Proposition 1.3.10 allows us to relate the coefficients of the covariant Taylor 


expansion (1.19) and the coefficients of the non-covariant Taylor expansion (1.23). 


Proposition 1.3.11. The first coejf dents 1..^^...^^, of the non-covariant Taylor ex¬ 
pansion (1.23) can be expressed in terms of the coeff dents of the covariant 


Taylor expansion (1.19) as 


i = t, 


toi toi , 


tap tap T aP i 

lap-f lap-f T -|- Gt^ (aP^) ^ T aP'y) • 


(1.27a) 

(1.27b) 

(1.27c) 

(1.27d) 


Proof. The relations are obtained by snbstitnting (1.24) into (1.19) and eqnating 


the resnlting expansion with (1.23). 


□ 


1.3.4 The case of complex Riemannian manifolds 

In this thesis, we will need to consider bi-tensors in complex Riemannian manifolds. 


which are obtained from real Lorentzian manifolds, as described in Section 1.2.2 


Here, we verify that the local geodesic strnctnre of the Lorentzian manifold is pre¬ 
served when going to the complex Riemannian section and, therefore, it is possible 


to generalise the concepts above. See 37 for a detailed discnssion. 


Consider a complex Riemannian manifold with metric g'^, which was ob¬ 
tained from a real Lorentzian manifold M with real analytic metric g, snch that 
the metric component gQQ < 0 and the inverse g^^ < 0 in a coordinate system. The 
geodesic eqnations admit locally a nniqne solntion with parameter t E C satisfy¬ 
ing given initial conditions. If we restrict t to the real domain, t G M, we obtain 
a real-parameter geodesic segment (the corresponding complex-parameter geodesic 
segment is obtained by analytical continnation). 
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We want to define an analogons notion of a geodesically convex neighbonrhood 


introdnced in Definition |1.3.1| which is valid for the the complex Riemannian mani¬ 
fold. For that, we need a series of intermediate definitions. Let 'Jxit), t G [0,1], be 
the real-parameter geodesic segment starting at a point p G with X G Tp{M^) 
being the tangent vector to the geodesic at p. Let V C Tp{M^) be the set of vectors 
X snch that 7x(t) is well defined for t G [0,1]. The exponential map is defined as 
as the map exp^ : V —>■ M'^, X i-)- 7x(l)- 


in Definition 


1.3.3 


Definition 1.3.12. An open star-shaped neighbourhood abont 0 of a vector space is 
snch that, if X belongs to the neighbonrhood, then AX, with A G [0,1], also belongs 
to the neighbonrhood. 


Definition 1.3.13. A normal neighbourhood of p G is an open neighbonrhood 
of p with the form Np = expp(S'), with S C V C Tp{M'^) an open star-shaped 
neighbonrhood of 0 G Tp{M‘^). 

Definition 1.3.14. A totally normal neighbourhood of p G is a neighbonrhood 
of p. Op C such that, if g G Op, there is a normal neighbourhood of g, Xg, with 
Op C Xg. 


We can now define the desired class of neighbourhoods. 

Definition 1.3.15. A geodesically linearly convex neighbourhood of p G is a 
totally normal neighbourhood of p, Np C M®', such that, for any g, g' G Xp, there 
is only one real-parameter geodesic segment which links g and q' and which lies 
completely in Xp. 


Proposition 1.3.16. Given a complex Riemannian manifold with the properties 
described above, for any given point, there is always a geodesically linearly convex 
neighbourhood. 


Proof. See Theorem 23 of 37 


□ 
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Therefore, we can extend the Synge’s world fnnction bi-scalar to a complex 
Riemannian manifold. 

Definition 1.3.17. Given a geodesically linearly convex neighbonrhood N C M'^, 
the complex Synge’s world function a{x,x') is given by 

a(x,x') := ^g{x) (exp“^(a;'),exp“^(a;')) • (1.28) 

This rednces to the usnal dehnition for real Riemannian and Lorentzian mani¬ 
folds. In particnlar, snppose we choose x and x' in a way snch that some of their 
coordinates in a given coordinate system are the same and the indnced metric on 
the snbmanifold dehned by this condition is either real Riemannian or Lorentzian. 
Then, we can nse the nsnal dehnition as half of the sqnare of the geodesic distance 
between x and x'. 


1.4 Symplectic and Hilbert spaces 

A classical held theory on a globally hyperbolic spacetime is completely specihed in 
terms of fnnctions with valnes on an appropriate vector space, together with 

(i) a non-degenerate bilinear or sesqnilinear form, which specihes the kinematics; 

(ii) a partial diherential operator, which specihes the dynamics. 

In this section, we will briehy describe the basics of point (i), leaving point (ii) to 
Section 11.71 

The main concern of this thesis will be with a scalar held on a cnrved spacetime. 
Classically, the phase spaces of nentral bosons (resp., charged bosons) are symplectic 
spaces (resp., charged symplectic spaces). We characterise these spaces below. We 
also give a brief characterisation of Hilbert spaces, which are crncial to the qnantnm 
held theory. 


Mnch of this section follows closely 62 . More details on Hilbert spaces can also 


be fonnd in 63 . 
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1.4.1 Symplectic spaces 

Let y be a vector space over the field IK (M or C). 

Definition 1.4.1. A bilinear form on y is a bilinear map u : V x V ^ K., 

{vi,V2) ^ l^{vi,V2) . (1.29) 

Definition 1.4.2. A bilinear form u is non-degenerate if Kerz/ = {0}. 

Definition 1.4.3. A bilinear form u is symmetrie if 

l^{vi,V 2 ) = l^{v 2 ,Vi) , Vi,V 2 eV, (1.30) 

whereas it is anti-symmetrie if 

ix{vi,V2) =-i'{v2,vi), vi,V2eV. (1.31) 

Definition 1.4.4. A symmetric form z/ on a real vector space is positive definite if 
u{v, n) > 0 for n 7^ 0. 

Remark 1.4.5. A positive definite symmetric form is always non-degenerate. 

Definition 1.4.6. A non-degenerate anti-symmetric bilinear form is called a sym- 
pleetie form. 

Definition 1.4.7. The pair {V,u), where id is a vector space over IK and z/ is a 
symplectic form, is called a sympleetie spaee. 

1.4.2 Charged symplectic spaces 

Let y be a vector space over C. 

Definition 1.4.8. A sesquilinear form on y is a map fi : V x V ^ C, 

{vi,V2) rp-/3 {vi,V2) (1.32) 

which is anti-linear in the first argument and linear in the second argument. 
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Remark 1.4.9. In the definition above, the so-called “physicist’s convention” was 
adopted. In the “mathematician’s convention”, the first argument would be linear, 
while the second argument would be anti-linear. 

Definition 1.4.10. A sesquilinear form fl is non-degenerate if Ker/? = {0}. 
Definition 1.4.11. A sesquilinear form fd is Hermitian if 

ld{vi,V2) = Id{v2,vi), vi,V2eV, (1.33) 

whereas it is anti-Hermitian if 

(3{vi,V2) =-(3{v2,Vi) , Vi,V2eV. (1.34) 

Remark 1.4.12. If (3 is Hermitian, then i(3 is anti-Hermitian. 

Definition 1.4.13. A Hermitian form jd is positive definite if (d{v,v) > 0 for n 7 ^ 0. 
In this case, it is also known as a scalar product or an inner product and denoted 

by (-I-). 

Remark 1.4.14. A positive definite Hermitian form is always non-degenerate. 

Definition 1.4.15. A non-degenerate anti-Hermitian form is called a charged sym- 
plectic form. 

Definition 1.4.16. The pair {V,/d), where H is a vector space over C and /3 is a 
charged symplectic form, is called a charged symplectic space. 


1.4.3 Hilbert spaces 

The notion of a charged symplectic space (V, (d) is very closely related to the space 


(H, z/3), cf. Remark 1.4.12, where i(d is an Hermitian form. If this form is positive 
definite, the space is an inner product space. 


Definition 1.4.17. The pair (V,/?), where H is a vector space over C and /? is a 
non-degenerate Hermitian form, is called a pseudo-unitary space. If fd is positive 
definite, then {V, fd) is called a unitary space or an inner product space. 
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Definition 1.4.18. An inner product space is called a Hilbert space if Jif 

is complete in the norm induced by the inner product (3. 

Remark 1.4.19. All finite-dimensional inner product spaces are Hilbert spaces. If 
an infinite-dimensional inner product V space fails to be complete, there exists a 
unique Hilbert space such that V is isomorphic to a dense subspace of The 
Hilbert space Jif is called the Hilbert space completion of V. 

Remark 1.4.20. From now on, we denote a Hilbert space simply by and 

write the endowed scalar product /?(•, •) = (-I-). 

Next, we describe the direct sum and the tensor product of Hilbert spaces. 

Definition 1.4.21. The direct sum of the Hilbert spaces and is the Hilbert 
space consisting of pairs (u, v) with u G and v G and scalar product 

((ni,ni)|(n2,t'2)) := + 'T\\v2).^2 ■ (1-35) 


To construct countable direct sums, let be a sequence of Hilbert spaces 

and let AtP denote the set of sequences with Un G which satisfy 

OO 

< OO. (1.36) 

n=l 


Then, AT’ is a Hilbert space with the scalar product which is the natural generali¬ 


sation of (1.35). AT is denoted by 


.<r = 0jr„. 


(1.37) 


n=l 


To define the tensor product of two Hilbert spaces M’x and first consider, 
for each ui G ^ and U 2 G the bi-antilinear form Ui®U 2 '- AT\ x ^ -A C, 


(ill ® 1= {fl|l‘l)(f2|l‘2) ■ 


(1.38) 


Let pc denote the set of finite linear combinations of these bi-antilinear forms. Define 
a scalar product 

(mi ® U2\vi ® V2) := (ui\vi)(U2\v2) , (1.39) 

and extend it by linearity to AT is now an inner product space. 
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Definition 1.4.22. The tensor product ® of the Hilbert spaces and dT&i 


is defined as the completion of 5C nnder the scalar prodnct defined in (1.39). By 


indnction, the above construction can be extended to define the tensor product 


tyL>r\. 


n=l 


of finitely many Hilbert spaces ..., 

An important application of the concepts of direct sum and tensor product is 
the definition of the Fock space. 

Definition 1.4.23. The Fock space associated with a Hilbert space AF is 

the Hilbert space 

oo / n \ 

^(^):=0 0 ^ . ( 1 - 40 ) 

n=0 \ / 

where AF := C. The symmetric Fock space associated with a Hilbert 

space is the subspace of defined by 


OO / n 


■^.(^) © 0 .^ . 


(1.41) 


n=0 


whereas the anti-symmetric Fock space associated with a Hilbert space AF 

is the subspace of ^ defined by 


OO / n 


^.(^) © 0 .^ . 


(1.42) 


n=0 


Here, and stand for the symmetrised and anti-symmetrised tensor product, 
respectively. 


Finally, we introduce the notion of orthonormal decomposition of a Hilbert space. 

Definition 1.4.24. Let be a Hilbert space. If C A^, then denotes the 
orthogonal complement of ^, 


:= {n G Ate : {u\v) = 0, for alln G . 


(1.43) 
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Theorem 1.4.25. Let AtP be a Hilbert space. If‘W is a closed vector subspace of , 
then ^ and, for any v G there exists a unique u E and u' G 

such that V = u + u'. 


Proof. See e.g. Theorem II.3 of 63 


□ 


Remark 1.4.26. Theorem 1.4.25| is usually known as the projection theorem. This 
provides a natural isomorphism between ^ and given by {u,u') h->• u + u'. 

For simplicity, one writes AP = ^ ® the orthonormal decomposition of 


1.4.4 Operators on Hilbert spaces 

Definition 1.4.27. Let M’l and M2 be Hilbert spaces. An operator T : Ml — )■ M2 
is a linear map from a linear subspace D(T) C Mi to M^. The subspace D(T) is 
called the domain of the operator T and we assume that it is dense in M\. 

Definition 1.4.28. Let T : M\ —?• M 2 be a densely dehned operator. Let 

D(Tt) := {vEM 2 -.'iuE D{T) 3w G . (1.44) 

For each such v G D(Tl), one can dehne the adjoint operator Tl by Tin := w, i.e. 

(n|TM)^2 = (1.45) 


for all uED{T). 

Definition 1.4.29. An operator T : M —)■ M is called symmetric or Hermitian if 
T C T1, i.e. if D{T) C D{T^) and Tu = T^u, for all u G D{T), or equivalently if 

{Tu\v) = {u\Tv) , for all u, v E D{T). (1.46) 

Definition 1.4.30. An operator T : M —>■ M is called self-adjoint if T = T\ i.e. if 
D{T) = T)(T1) and T is Hermitian. 
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Definition 1.4.31. The spectrum of an operator T : D{T) C M’ —)■ M’ is the set 
(j{T) := {A G C : T — AI is not a bijection with bonnded inverse} . (1-47) 

The spectrum can be decomposed into three disjoint sets. 

(i) The point spectrum is the set 

(jp(T) := {A G u{T) : T — AI is not injective} . (1-48) 

Equivalently, A G o'p(T) if there exists non-zero u G D{T) such that Tu = \u. 
A is called an eigenvalue and u is called an eigenvector. 

(ii) The continuous spectrum is the set 

Uc{T) := (A G u{T) : T — AI is not surjective and 

(T - AI)D(T) is dense on D{T)} . (1.49) 

(hi) The residual spectrum is the set 

(Tr(T) := {A G (t(T) : T — AI is not surjective and 

(T — \I)D{T) is not dense on D{T)} . (1.50) 

Remark 1.4.32. If T is an operator acting on a finite-dimensional space, then the 
continuous and the residual spectrum of the operator are empty and its spectrum 
consists only of eigenvalues. 

If the spectrum for an operator is known, then the spectrum for its adjoint can 
be easily obtained. 

Proposition 1.4.33. IfT : D{T) C M’ —)■ M’ has spectrum (t{T), then 

a(Tt) = {A : A G a(T)}. (1.51) 

In the cases in which the operators are Hermitian or self-adjoint, one can say 


more about their spectrum. 
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Proposition 1.4.34. IfT : D{T) C —)■ is Hermitian, then 

(i) all eigenvalues ofT are real; 

(a) eigenvectors ofT corresponding to distinct eigenvalues are orthogonal; 

(Hi) the continuous spectrum ofT is real. 

If furthermore T is self-adjoint, then 
(iv) the residual spectrum is empty. 

Remark 1.4.35. Note that if T is anti-Hermitian, i.e. Tu = —T'^u for all u G D{T), 
then it follows from Proposition [1.4.33 that all eigenvalues of T are purely imagi¬ 
nary. It is also true that eigenvectors of T corresponding to distinct eigenvalues are 
orthogonal. 

As seen above, not even all self-adjoint operators have a spectrum composed of 
only eigenvalues, as in hnite-dimensional Hilbert spaces. However, there is a class 
of operators which enjoys this property. 

Definition 1.4.36. An operator T : —)■ M), is called compact if it takes bounded 

subsets of into subsets of ^ whose closure is compact. 

Proposition 1.4.37. IfT : M’ —)■ AtP is a compact operator, then, except for the 
possible value 0, the spectrum of T is entirely point spectrum. 

Finally, we generalise the notion of trace of a matrix to the trace of an operator. 

Definition 1.4.38. Let be a separable Hilbert space (i.e. contains a countable 
dense subset) and {ui}i(zj^ be an orthonormal basis, where ^ is an index set. The 
trace of a positive operator T : ^ —)■ Jif is dehned as 



(1.52) 


The trace is independent of the orthonormal basis chosen. The operator T is of trace 
class if Tr \/TM < oo. 
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The trace of a compact operator of trace class always exists. 


Proposition 1.4.39. Let T : ^ —)■ ^ he a compact operator of trace class. Then, 


the sum on the RHS of (1.52) converges absolutely. 


In the case of a compact positive operator, the trace is just the sum of all 
eigenvalues. 


Proposition 1.4.40. LetT : Jtf —)■ be a compact positive operator with non-zero 

eigenvalues Xi, i eN. Then, its trace is given by 

TrT = ^Ai. (1.53) 

iSN 


1.5 Complexification of real vector spaces 


The procedure of quantising a classical held theory characterised by a real vector 
space with some additional structure (such as a symplectic structure) involves the 
complexihcation of the real vector space. Here, we present a very brief description 


of this procedure, which can be found e.g. in 64 


Let V be a complex vector space, i.e. a vector space over C. If one restricts the 
scalars to be real, the resulting vector space Vr is a real vector space and is called 
the real form of V. 

Conversely, to each real vector space V, i.e. a vector space over M, one can 
associate a complex vector space V^. 


Definition 1.5.1. Let V be a real vector space. The complexification of V is the 
complex vector space := V © P of ordered pairs, with 

(i) addition 

(ui, U 2 ) + {wi, W2) = (ui + Wi, V2 + W2) , (1.54) 


(ii) scalar multiplication over C dehned by 


{x + iy){vi,V 2 ) = {xvi - yv 2 ,xv 2 + yvi ), 


(1.55) 
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where x, y G R and vi, V 2 , wi, W 2 € V. 

It is convenient to introdnce the notation v P iw for {v,w) G snch that one 
can regard the complexihcation of V as 

V'^ = V PiV = {v + iw : V, w E V} . ( 1 . 56 ) 

Addition now resembles addition of complex numbers, 

(ui + iv2) + {wi + iw2) = (ui + Wi) + i{v2 + W2 ), ( 1 - 57 ) 

and the scalar multiplication resembles multiplication of complex numbers, 

{x + iy){vi + iv 2 ) = {xvi - yv 2 ) + i{xv 2 + yvi). ( 1 . 58 ) 


Now consider a real vector space V endowed with a bilinear form u, cf. Dehni- 


tion 


1.4.1 The complexihed space can be endowed with a natural sesquilinear 


form uc- 


Definition 1.5.2. Given a real vector space V endowed with a bilinear form u : 
G X 1/ —)■ M, the canonical sesquilinear extension of z/ to the complexihed vector 
space is the sesquilinear form z/c : x V'^ —?• C dehned by 


+ iv2, wi + iw2) := z/(ni, tci) + z/(n2, ^ 2 ) + i W 2 ) - z/(tci, ^ 2 )] • (1.59) 

This extension maps (anti-)symmetric bilinear forms on V to (anti-)Hermitian 
sesquilinear forms on V^. 


1.6 Distributions 


In this section, we present a brief overview of theory of distributions (or generalised 


functions). A more complete discussion can be found e.g. in 65 . All the mathe¬ 


matical objects are assumed to be dehned in an open set U C M'^, which can be 
thought as a chart on the manifold M. 
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Definition 1.6.1. A distribution is a continuous linear functional on C^{U), i.e. a 
mapping of the form / i—>• $(/), with / G C^{U), such that, for every compact set 
K <zU there exists constants C and k such that 

IKa)! ^cj^supia”/!. ( 1 . 60 ) 

\(y.\<k 

Here, a = {ai,...,ad) G Nq is a multi-index, |q!| := ■— 

is the partial derivative with respect to x^. The space of all distributions on U 
is denoted by C^{U)*, the dual of C^{U). 

Remark 1.6.2. Any locally integrable function $ G L\^^{U) can be identified with a 
distribution by 

/ ^ $(/) = [ d^x fixMx) , / G C^{U) , (1.61) 

Ju 

A distribution of this form is called a regular distribution. However, not all distribu¬ 
tions can be represented in this way. The most famous example is the Dirac delta 
distributions, / i—t (5(/), defined by 

5(/) = /(0), feC^iU). (1.62) 


This is an example of a singular distribution. However, it is useful to continue to 


represent distributions as in (1.61), so we pretend that there exists an “object” 5{x) 
such that 


/ ^ 5{f) = [ d^xf{x)6{x) , / G C^{U). (1.63) 

Ju 

The “object” (5(x) is not a function and cannot be evaluated pointwise! It should 
only be thought as convenient notation, which allows us to use the language of 
ordinary functions when referring to distributions. 


Remark 1.6.3. Another convenient notation for a distribution $ G C^{U)* is 


/^ $(/) = ($,/), feC^iU). (1.64) 


This pairing of the distribution $ with the compactly supported function / takes 
the same form as the scalar product in the Lebesgue space L‘^{U). 
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Definition 1.6.4. If 4) G C^(U)*, then the support of <h, denoted snppd*, is the 
smallest closed snbset V C U snch that <h|i 7 \i/ = 0. 

Remark 1.6.5. If 4) G L\^^{U), the expression 

^if)= [ d^xfixMx), feC^iU). (1.65) 

Ju 

is well defined for any / G C°^{U) if snppd* fl snpp / has compact closnre and is 
contained in U. It can fnrthermore be shown that the space of distribntions in U 
with compact snpport is the dnal space of C°°{U). 

Definition 1.6.6. The space of distribntions in U with compact snpport is denoted 
by C^{U)\ the dnal of C°^{U). 

Remark 1.6.7. One has the following inclnsions 


C^{U) C C°^{U)* C C^{U )*, 

c°^(u) c c^{uy. 


( 1 . 66 ) 

(1.67) 


It can fnrther be shown that C^{U) is dense in C°°{U)* and Cy{U)* (see 65 for 
more details). 

Finally, we want to define differentiation of distribntions. If $ is snch that 


is a regular distribution of the form (1.61), we have that 


/ d^x f{x)dx^^{x) = - / d’^xdxj{x)^{x) 
'u Ju 


( 1 . 68 ) 


by integration by parts, since / has compact support. For an arbitrary distribution, 
we have the following. 


Definition 1.6.8. The partial derivative of <F G Cy{U)* is defined by 


(a.^$) (/) ■.= -^{dxJ) , 


feC^iU). 


(1.69) 
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1.7 Hyperbolic differential operators and Green 
operators 

A classical field on a fixed spacetime will obey a wave-like partial differential eqna- 
tion, snbject to initial or bonndary conditions, which specifies the dynamics of the 
held theory. In this section, a brief description of a snbclass of hyperbolic partial 
differential eqnations is given, of which the Klein-Gordon eqnation is an important 


example. There is a vast amonnt of literatnre on this topic, of which 66,67 arejnst 
two examples which have been used here. 

Remark 1.7.1. Formally, a classical held can be thought as a section of a vector 
bundle E over the spacetime manifold M with hbre V. In this section, we will 
only consider the case in which M is globally hyperbolic and the vector bundle is 
trivial E = M x V, such that the space of sections is isomorphic to C°°{M] V). For 
example, for a real untwisted scalar held on a globally hyperbolic spacetime M, the 
relevant vector bundle is the line bundle E = M x M. and the scalar held is then a 
real-valued function on M. Therefore, we will not consider the most general case of 


non-trivial vector bundles, which is treated in detail in 66,67. 


1.7.1 Normally hyperbolic operators 

Let M be a d-dimensional globally hyperbolic spacetime and let 17 be a vector space 
over M (the generalisation to C is straightforward). 

Definition 1.7.2. A smooth 17-valued function on M, 4) e C°°{M;V), will be 
called a classical field. 

The dynamics of a linear classical held will be given by a linear partial diherential 
equation, whose building block is a linear partial diherential operator. 

Definition 1.7.3. A linear partial differential operator of order at most A; G Nq is 
a linear map L : C°^{M]V) —)■ C°°{M]V) such that, for all p G M, there exists 
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a coordinate chart (U, 0) centred at p and a collection of smooth maps Aa '■ U ^ 
End(ld) for which, given any / G C°°(M; V), one has 

Lf=J2^c.d‘^f onU. (1.70) 

\a\<k 

Here, a = (ao, ...,ad-i) G Nq is a mnlti-index, |a| := n)!=o 

is the partial derivative with respect to the coordinate from the chart {U,(j)). 

Remark 1.7.4. A more general definition of a linear partial differential operator 
wonld be of a a linear map L : C°^{M-, V) —)■ C°°{M] H'), where V is another vector 
space, but for our purposes, having V' = V is enough. 

An important notion is the one of the formal adjoint of an operator. To dehne 
that, one adds an additional structure to the space C“(M; V). 

Definition 1.7.5. A non-degenerate pairing (•, •) : C^{M; V) x C°^{M; H) —>■ M is 

if, a) ■= [ dvo\Mf-g, (1.71) 

J M 

where • : C'“(M; V) x C°°{M] H) —)■ M is a non-degenerate bilinear form and dvol^r 
is the metric-induced volume form on M. 


Remark 1.7.6. The pairing in (1.71) can also be defined for f,gE C°°{M-,V) for 
which supp/ nsuppgf is compact, so that the integral is well-dehned. 

An example of such a pairing is (-I-) : ^“(M;]^) x C“(M;M) given by 

ifla) = [ dvo\M{x) f{x)g{x). (1.72) 

J M 

This takes the same form as the scalar product in the Lebesgue space L'^{M, dvoW). 


Definition 1.7.7. Given a linear partial differential operator L : C°°{M]V) —)■ 
C°°{M]V), the formal adjoint of L is the linear partial differential operator L* : 
G“(M; V) -E C°^{M; V) such that 


{L*f,g) = {f,Lg) (1.73) 

for all f,gE C°°{M-,V) for which supp / fl supp^f is non-empty and compact. If 
L = L*, we call L formally self-adjoint. 
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In the context of field theory, the focus is on linear partial differential operators 
which can be associated with an initial value problem. The class of operators of 
interest is the class of normally hyperbolic operators. To dehne these, one needs the 
concept of the principal symbol of a differential operator. 

Definition 1.7.8. Let L : C°°{M-,V) —)■ C°°{M-,V) be a linear partial differential 
operator of order k. Given p ^ M and a coordinate chart {U, 0) centred at p, the 
principal symbol Sl : T*M ^ End(Id) is dehned locally as 

Si(C):=5I-4o(p)C. (1.74) 

\a\=k 

Here, C G T*M, := nj!=oCM^ and are the components of ( with respect to the 
chart {U^cj)). 

Definition 1.7.9. Given a Lorentzian manifold {M,g), a second order linear dif¬ 
ferential operator P : C°°{M]V) —)■ C°°{M]V) is called normally hyperbolic if 
-5L(C)=i7“HC,C)Ivfor allCeT;M. 

Remark 1.7.10. In a given coordinate chart a normally hyperbolic operator 

P is such that, for any / G C°°{M; V), 

Pf = g^’^Ivd,dJ + A^d,f + Af onU, (1.75) 

where A, A^ G End(H), /x = 0,..., d — 1. 

Remark 1.7.11. The d’Alembert operator = g^’^V and the Klein-Gordon 
operator m G M, are examples of normally hyperbolic operators. 

1.7.2 Cauchy problem 

The importance of normally hyperbolic operators in held theory is that, if a classical 
held is dehned on a globally hyperbolic spacetime and if the partial diherential 
operator associated to its held equation is normally hyperbolic, then one has a well- 
posed Gauchy problem, as described in the next theorem. 
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Theorem 1.7.12. Let M be a globally hyperbolic spacetime and let E be a space¬ 
like Cauchy surface whose future-directed unit normal vector field is denoted by n. 
Furthermore, let V be a vector space and P : C°°{M-, V) —)■ C°°{M; V) a normally 
hyperbolic operator. Then, for any j, $o, G C^(M;V), the following Cauchy 
problem, 

= j , 

< <|>|^ = $o, (1.76) 

^ = $ 1 , 

admits a unigue solution $ G C°°{M; V), such that 


supp $ C J (supp <l>o U supp 4)1 U supp j) 


(1.77) 


Proof. See e.g. Theorems 3.2.11 and 3.2.12 of 66 . 


□ 


Remark 1.7.13. Even thongh the Canchy problem given in (1.76) has a non-vanishing 


sonrce term, in this thesis only the j = 0 case will be considered. 


1.7.3 Green operators 

One important conseqnence of Theorem 1.7.12| is the existence and nniqneness of 
the so-called Green operators associated with a normally hyperbolic operator on a 
globally hyperbolic spacetime. 


Definition 1.7.14. Let L : C°°{M; V) —)• C°^{M] V) be a linear partial differential 
operator. The linear maps Gret, Gadv : —)■ C°°{M;V) are the retarded 

and advanced Green operators for L, respectively, if, for any / G G“(M; V), 

(i) LG,,J = LGadv/ = /; 

(ii) GretLf = Gadvi:/ = /; 

(hi) snpp (Gret/) c J+ (snpp/) and snpp (Gadv/) C J~ (snpp/). 


Not all linear partial differential operators have Green operators. 
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Figure 1.4: The causal future and causal past of supp/ for / G C^(M). 


Definition 1.7.15. A linear partial differential operator L : C°°{M; V) —>■ C°^{M-, V) 
is called Green hyperbolic if it admits advanced and retarded Green operators. 

Remark 1.7.16. A linear partial differential operator L has unique Green operators if 
L and its formal adjoint L* are Green hyperbolic. In particular, the Green operators 
are unique if L is formally self-adjoint and Green hyperbolic. It can be shown that 
^ret ~ G'adv a^d = Gj-et- 

Another convenient Green operator is the causal propagator. 


Definition 1.7.17. The operator G := Gadv — Gret is called the causal propagator. 


Proposition 1.7.18. The causal propagator G : C^{M-, V) —)■ C°°{M; V) satisfies, 
for any given f E Cffi{M]V): 

(i) LGf = 0; 

fit) GLf = 0; 


(ni) supp(G/) C J (supp/). 


Proof. It follows directly from the properties (i)-(iii) in Definition 1.7.14 satisfied by 
the advanced and retarded Green operators. □ 
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Remark 1.7.19. Note that property (hi) in Proposition 1.7.18 implies that the causal 
propagator G maps functions with compact support to functions with spacelike 


compact support (cf. Dehnition 1.1.25, see also Fig. 1.4). 


Remark 1.7.20. It follows from Remark 1.7.16 that G* = —G. 


Remark 1.7.21. The causal propagator can be regarded as a bi-distribution, G G 
G^{M xM-,V)% so that, for /i, /a G ^“(M; R), 


G{fi,f2)=[ dvolM{x)fi{x){Gf2){x), (1.78) 

J M 

where 

{Gf){x):=[ dvo\M{x')G{x,x')f{T), (1.79) 

J M 

and G{x, x') is to be understood in the sense of distributions. 

It is an important fact that a normally hyperbolic operator is automatically a 
Green hyperbolic operator. 


Proposition 1.7.22. Let M be a globally hyperbolic spacetime. If P : G°°{M-, V) —)■ 
G°°{M]V) is normal hyperbolic, then it is also Green hyperbolic. 


Proof. See Corollary 3.4.3 of 66 


□ 


Remark 1.7.23. The converse is not true in general. An important example is 
the Dirac operator, which is Green hyperbolic, but not normally hyperbolic (see 



The importance of the Green operators comes from the fact that a solution $ of 
a partial differential equation P<F = 0, where P is Green hyperbolic, can be written 
as <h = Gf, i.e.. 


^{x) = {Gf){x) = [ dvo\M{x')G{x,x')f{x') , (1.80) 

J M 

where G is the causal propagator associated with P and / is a function on the 
manifold. More precisely: 
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Theorem 1.7.24. Let M he a globally hyperbolic spacetime, V be a vector space and 
P : C°°{M;V) —)■ C°°{M;V) be a Green hyperbolic operator with Green hyperbolic 
formal adjoint P*, such that the associated causal propagator G : Cff{M;V) —)■ 


C°°{M-,V) is unigue (cf. Remark 1.7.16). One has that 


KerP = ImG = G [Gtc(M; V)] . 


(1.81) 


Proof. See Theorem 3.4.7 of 66 . 


□ 


In other words, the space of smooth solutions of P<h = 0 is given by the image 
of the causal propagator G. 


Definition 1.7.25. The space of smooth solutions of P<h = 0 will be denoted by 
y', i.e. 

y := {4> eC’^{M;V) : P4> = 0} . (1.82) 


When trying to endow the space of solutions with additional structure, such as 
a symplectric structure, it will be important to consider a vector subspace of y on 


which such structure can be well dehned. According to Remark 1.7.19, if one acts G 
on C^{M] V), instead of Cff{M; V), one obtains functions with spacelike compact 
support, i.e. G [G“(M; V)] C Cff{M-, V). Therefore, the space of smooth solutions 
with spacelike compact of P<h = 0 can be dehned. 


Definition 1.7.26. The space of smooth solutions of P<l> = 0 with spacelike com¬ 
pact support will be denoted by y^c, i.e. 


:= e G“(M; V) : P<I> = 0} G y. (1.83) 

A solution $ G ysc can then be written as d* = Gf, with / G C^{M-,V), 
whereas a solution d> G ^ can be written as d* = Gf', with /' G Cff{M; V). 

The subspace of solutions with spacelike compact support y^c can be endowed 
with additional structure, which in the case of a scalar held is a symplectic structure, 
as described in section oi 






Chapter 2 


Quantum field theory on curved 
spacetimes 


In this chapter, the classical and quantum theories of a real scalar field are described. 
Here, we will take a more mathematical and formal approach to the topic in com¬ 
parison to the standard treatment given in physics textbooks such as , and closer 


in spirit to 10,11,62,67 . In particular, we describe the classical theory in terms of 
the symplectic space of real solutions of the Klein-Gordon equation and its closely 
related phase space. We can then introduce the space of classical observables of 
the theory, which can be endowed with an algebraic structure, the Poisson bracket, 
and show how the Poisson bracket of two fields is given in terms of the symplectic 
structure of the space of solutions. The quantisation procedure then consists of find¬ 
ing an appropriate Hilbert space, the Fock space, and field operators which acts on 
elements of this space (the “states”) and which obey a commutation relation which 
is analogue to the Poisson bracket of the classical theory. 

As is well known, the choice of Hilbert space for the quantum theory is not 
unique and, worse than that, different choices are, in general, unitarily inequivalent. 
In Minkowski spacetime this is remedied by requiring that the “vacuum states” of 
the Hilbert space are invariant under the time translation invariance of the theory 
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and something analogous can be done in the case of stationary spacetimes. In a 
general curved spacetime, however, no such natural choice is available. This is what 
is often meant by the lack of a natural dehnition of “particles” in quantum held 
theory on curved spacetimes. 

One way to solve this theoretical problem is to modify our quantisation proce¬ 
dure by basically inverting the order of the steps described above. We could have 
started by constructing observables, such as the quantum helds, as elements of an 
abstract algebra, instead of operators acting on a Hilbert space. We then could 
have dehned states as objects which associate with each observable a real number. 
This approach would have allowed us to treat all states on equal footing, even those 
arising from unitarily inequivalent choices of Hilbert spaces in the original approach. 
This approach to quantum held theory is known as algebraic quantum field theory 


(for recent reviews see 67 


In this thesis, the spacetimes will be interested in are stationary spacetimes, for 
which there are natural choices of Hilbert spaces, selected by the time translation 
symmetry of these spacetimes. Because of this, we will not take the more theoreti¬ 
cally satisfying algebraic approach to the construction of the quantum held theory 
and instead use the more traditional Hilbert space approach. 

2.1 Real scalar field 

In this section, we restrict our attention to the classical and quantum theories of 
a real scalar held on a generic globally hyperbolic spacetime, in which case the 
theories are very well understood and rigorous proofs are available. The case of a 
spacetime with boundaries, which is not as well understood and ultimately is the 


one of relevance for this thesis, will be treated in Section 2.3 
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2.1.1 Classical field theory 


Let $ be a real scalar field on a globally hyperbolic spacetime {M,g). The classical 
action is given by 


5 = 


dvol„ + ^R) td , 


( 2 . 1 ) 


where m is the mass of the field, R is the Ricci scalar, G M is the cnrvatnre 
conpling parameter and dvolA 4 -(x) = The field eqnation is the Klein- 

Gordon eqnation. 


:= (V^ 


m 


eF)<h = 0, 


where we have defined the differential operator P := 


m 


( 2 . 2 ) 

^R. A solntion of 


(2.2) is fnlly determined by its Canchy data at a Canchy snrface S. We then have 


the Canchy problem 

^ P$ = 0 , 

= $ 1 , 

where $ 0 , $1 G ^“(S) and n is the fntnre-directed nnit normal vector on S. 


(2.3) 


Space of solutions 


As seen in Theorem 1.7.12, the snpport of the solntions of the Klein-Gordon eqnation 


is contained in J (snpp <ho U snpp $ 1 ). It follows that a natnral space of solutions to 
consider is the space S^sc of smooth (real-valued) functions with spacelike compact 


support, as introduced in Definition |1.7.26[ We can endow with a symplectic 
structure, cr : X t M, 


cr(#i,42) := j dvols ii„J“(<Si.# 2 ) . 


(2.4) 


with 


J“(<I)1,<I>2) := <I>iV“<l>2-<h2V“<I>i, (2.5) 

where S is a spacelike Cauchy surface and n is the future-directed unit normal vector 


on S. The pair (=5^scW) is a symplectic space, cf. Definition 1.4.7 
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Remark 2.1.1. One has that 


V“+ iR) (4i®2 - «24i) = 0, 


( 2 . 6 ) 


where the field equation (2.2) was used. Therefore, by the divergence theorem, 


the symplectic form a does not depend on the choice of Cauchy surface S. The 
vector-valued form is sometimes called a conserved current. 

Remark 2.1.2. The restriction to the space y'sc guarantees that the symplectic form 


as defined in (2.4) is well defined 


It is possible to relate the symplectic structure of the space of solutions to the 


causal propagator G, regarded as a bi-distribution (see Remark 1.7.21), as follows. 


Lemma 2.1.3. Let 4> = Gf and <!>' = Gf he two solutions of the Klein-Gordon 
equation, P^ = 0, with /, /' G G^{M). Then 




(2.7) 


Proof. By exploiting the support properties of the advanced and retarded Green 
operators and by integrating by parts twice, one obtains 

G(/,/')= [ dvohifGf 
J M 

= f dvolju f ^' + [ dvolM / 

2j+(s) 2j-(S) 

= [ dvolM (PGadv/) <h' + [ dvoW (met/) 

2j+(s) 7j-(s) 

= - [ dvolsVjGadv/)<^>'+ [ dvolsGadv/V„<h' 

+ [ dvolsV„(G,et/)<h'- [ dvolsGret/V.<l>' 

= J dvols (m^>'- 

= ct(<1),$'). (2.8) 

□ 
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Lemma 2.1.3 can alternatively be written as 


dvolM fGf'= [ dvols {GfVniGf) - GfVniGf)) (2.9) 


J M JT. 

for /, /' G G^{M) and it will prove to very usefnl in the following to easily pass 
from “integrals over M” to “integrals over E” and vice-versa. 


Solution in terms of initial data 


It is possible to express the solution $ of the Cauchy problem (2.3) in terms of the 
Cauchy data. Given a Cauchy surface E, one can dehne the operators 


Po:C'“(M)^C'“(E), po(<f>):=<f>|s, (2.10) 

Pi : ^“(M) ^ ^“(E), pi($) := V„<l>|s • (2.11) 


Given a solution $ of the Gauchy problem, these maps give the initial data <l>o = 
Po(<h) and d*! = pi(<h). These operators have adjoints, pj, Pi : G“(E)* —)■ G°°{M)*, 
such that 


(T, p,$)s = (P^T, «h)M , d/ e G“(E), «h e G“(M), (* = 0,1), (2.12) 


where (•, •)s and (•, ■)m are the pairings introduced in Remark 1.6.3 which define 
distributions on E and M, respectively; and G°°(E)* and G°°{M)* are the spaces of 


compactly supported distributions on E and M, respectively, cf. Definition 1.6.6 
The “smeared held” $(/) = (<h,/)M, thought as a distribution, is 

($, /)m = [ dvolM /*h 

J M 

= ^dvols [G/V„$ - $V„(G/)] 

= j dvols [po{Gf)^i - ^opi{Gf)] 

= (d>i,Po(G/))^-(<l>o,pi(G/))s , (2.13) 


where Lemma 2.1.3 was used. Note that, in the last line, $ 0 , $1 G G“(E) and 


also po(G/), pi{Gf) G G“(E), since / G G“(M) implies that Gf G G“(M). Now, 
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using the adjoint operators pg, pj and (2.12), 


($, /)m = - (Pi<ho, Gf)^ + (pS<1>i, Gf) 


M ■ 


(2.14) 


Remark|l.7.20 tells us that the formal adjoint of G with respect to some pairing 


(1.71) is equal to G* = —G. If we choose the pairing (1.71) to be the one introduced 


in Remark 1.6.3 in the context of distributions, then the formal adjoint coincide 


with the one in (\2A2\) if we extend G* so that G* : G°°{M)* G^{M)*. Then, we 

can write 


/)m — (G'pj'ho, f)M ~ iGp*Q^i, f)j^ . 


Hence, the solution $ can be expressed in terms of its initial data as 


(2.15) 


4 = Gp;4o - Gp'„<S>i , 


(2.16) 


in the sense of distributions. Note, however, since $ is smooth by Theorem 1.7.12 


(2.16) also holds in the sense of smooth functions. 


Remark 2.1.4. This result can also be obtained in the more familiar “unsmeared’" 


form. Starting with (2.13) and using (1.79), 


$(/) = j^dYOhix) [-d>{x)YniGf){x) + {Gf){x)YnHx)] 

= [ dvols(x) [ dvolM{y)[-^{x)VnG{x,y)f{y) - G{x,y)f{y)Vn^{x)] , 

Jt. J m 

(2.17) 

from which 


<I)(a:) = / dvols(irO • (2-18) 


Phase space and classical observables 

Having given a brief description of the space of solutions of the classical theory, we 
now discuss the phase space of the classical theory. 
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Since the spacetime M under consideration is globally hyperbolic, Theorem |1.1.20 
guarantees that there exists a foliation of M such that its metric can be given by 


ds^ = —N'^ <Tt^ + hij (dx* + N’' dt) (dx-^ + N^ dt) 


(2.19) 


One can take the Cauchy surface S to be a surface of constant t, with future-directed 
unit normal vector held n, and such that the metric on it is given by h. One has 
that n = —Ndt, dvols = \/hd‘^~^x and = N\/h. 


Definition 2.1.5. The canonical conjugate momentum to $ is the density 


n(x) 


evaluated at the Cauchy surface S. 


6S 


( 2 . 20 ) 


It follows that, at S, 

n = = -NVh = Vh Vn<h • (2.21) 


The phase space is then the space described by the variables (4*, If). 

Definition 2.1.6. The phase space is the space ^ := (^“(S) x y/hC^iE), where 
y/hC^iE) denotes the space of smooth densities of compact support on E of the 
form \/h f, with / G (^“(S), such that a point in phase space corresponds to a 
specihcation of <I>(x) and 11 (x) on E. 

A classical observable can be thought as a functional on the phase space 

Definition 2.1.7. A classical observable is a functional T} : ^ M, labelled by a 
function / G C“(M). For our purposes, we consider a class of classical observables 
of the form 

Ff{d>,H) = J^d'^-^x(HGf-d?VhYniGf)) , 

where G is the causal propagator. 


( 2 . 22 ) 
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By the well-posedness of the Cauchy problem (2.3), every point ($,11) G 
of the phase space uniquely determines a solution $ G N^sc- Therefore, a classical 
observable can be equivalently thought as a functional on the space of solutions N^sc- 


Using Lemma 2.1.3, one can write classical observables of the form (2.22), regarded 


as functionals on ^sc, as 


F/($) = / dvo\M{x)f{x)^{x) 

J M 


(2.23) 


An important example of a classical observable of this class is the so-called 
“smeared held” Of : t M, $ $(/) := T/($). The “smeared held” $(/) 

has the interpretation of being the spacetime average of $(x), weighted by /. From 
another point of view, one may treat 

/ !-)■ $(/) = [ dvo\M{x)f{x)^{x) (2.24) 

J M 

as a distribution, $ G C°°{M)*, in which case $(x) is called the “unsmeared held”. 

The space of all classical observables can be endowed with an algebraic structure, 
the Poisson bracket, which is induced by the symplectic structure of y'sc- 

Definition 2.1.8. The Poisson bracket of two classical observables Ff, Ff/ : ^ M 
is given by 


Ff,Ff, \ ■= I (d 

Lemma 2.1.9. One has 


,, / 6Ff 5Ff, 6Ff 5Ff, 


X 


5$ (5n 5$ 


Ff,FA=a{Gf,Gr)=G{f,f). 


Proof. Use (2.22) and Lemma 2.1.3 


(2.25) 

(2.26) 

□ 


It then follows that the Poisson bracket of two smeared helds $(/) and $(/0 is 

{$(/),$(/')} = G(/,/'). (2.27) 

In terms of the “unsmeared helds”, 

{$(x),$(a:')} = G'(2:,2:'). (2.28) 


The aim of the quantisation procedure will be to hnd an analogous relation which 
is satished by the quantised scalar held. 
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2.1.2 Quantum field theory 

We now seek to find the qnantum Klein-Gordon field theory. To do that, we apply 
Dirac’s qnantisation prescription, which consists of hnding operators which act on 
a snitable Hilbert space. 

In more detail, the aim of this prescription is to hnd operator-valned distribntions 
$(/), with / e C^{Mf = C^{M;C), snch that 

(i) / !-)■ $(/) is linear; 

(ii) $(P/) = 0 for all / e C^{M; C); 

(iii) 4(/)t = 4(7) for all / € C„“(MiC); 

(iv) |4(/). 4(/')] = rG(/. /')I for all /. /' e C^{M; C). 


Remark 2.1.10. Recall that 


C^{Mf := C'o~(M) © iC^{M) = C^{M; C) 


(2.29) 


is the complexihcation of the real vector space C'“(M) (see Dehnition 1.5.1). 


Remark 2.1.11. The operator-valned distribntions *h(/) can be interpreted as the 
qnantisation of the “smeared helds” $(/), which are real-valned distributions. Point 
(iv) above is then the result of the standard “curly-bracket-to-square-bracket” pre¬ 


scription from the Poisson bracket (2.27). In terms of the quantised “unsmeared 
helds”, one can rewrite the last three properties above as 


(ii) P^{x) = 0; 

(iii) <h(a;)i = <h(x); 


(iv) [<I)(a;), <h(a;')] = 7G(a;,x')I. 


As noted in Remark 1.6.2, the “unsmeared helds” <h(a;) should always be understood 


in the distribution sense. 
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Construction of the one-particle Hilbert space and Fock space 

The main problem to solve at this point is to identify the appropriate Hilbert space 
on which the operator-valued distributions $(/) act. In order to do that, we start 
with the symplectic space {N^sc, o') of the classical theory, in which the classical 
solutions live. 

The first step in our construction is the complexification of 

^sc := ^sc © • (2.30) 


This is isomorphic to the space of smooth complex-valued solutions with spacelike 
compact support of the Klein-Gordon equation. Then, one canonically extends the 
symplectic form a : y'sc x y'sc —^ K defined in (|2.4[) to ac ■ Y^sc ^ C, 


cf. Dehnition |1.5.2| The canonical extension ac is anti-Hermitian. 
It is convenient to define the Hermitian form ac ■ A^sc ^ 


(Jc(*hi, $2) ‘^’2) • 


(2.31) 


By using (2.4), one can show that 


crc(<hi, $ 2 ) = io- (4)1, ^ 2 ) = i / dvols Ua (4>i, 4 ) 2 ) , 


(2.32) 


where a has been extended to by linearity in each variable. 


The Hermitian form ac is not a scalar product (cf. Definition 1.4.13) as it 
generally fails to be positive definite on A^^^. Instead, consider a closed subspace 
AC^L^ C AAS- such that 


(i) ac is positive definite on AC^~^\ 


(ii) A^^ is the span of A^sc~^ and A^sc~^: 


(hi) given any 4)+ e A^s^~^ 4) e A^sc~^, then (Tc(4>+, 4> ) = 0. 

From (i), ac is a scalar product on and we denote crc(-,-) =: ('I'). Given 

(hi), it is not difficult to check that the orthogonal complement (A^sc~^)~‘~ = A^sc~^j 
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the complex conjugate space. According to Theorem 


1.4.25 


c^C _ <;^C+ <;^C+ 

^ sr ^ er ^ qp 


and hence, if $ e then it can be decomposed as d* = + $ , with $+ G 


and 4)“ e y^'^- 

The subspace with scalar product (-I-) is not necessarily complete in the 

norm induced by the scalar product. 


Definition 2.1.12. Dehne JY" to be the completion of in the norm induced by 
the scalar product (-I-). Then, JY is a Hilbert space and is called the one-particle 
Hilbert space. 


Remark 2.1.13. For a spacetime with time-translation symmetry, a natural choice 
of yf is the space of complex positive frequency solutions, as detailed in the next 
section. For now, it is assumed that yf is the completion of any space y^'^ satisfying 
the properties (i)-(iii) above. 


Given the one-particle Hilbert space yP, one constructs the (symmetric) Fock 


space, #s(^), as in Dehnition 1.4.23 


oo / n 


=© 0 .-^ . 


(2.33) 


n=0 


where := C. Elements of this Hilbert space are called states. 


Definition 2.1.14. An element T G y^i^yP') of the Fock space. 


^ = (^o,^i,'02, ••■) > (2.34) 

with xjjn S (S^s called a state. A very common notation for an element of the 

Fock space T is IT), such that an element T' of the dual space ^s(^)* is written 
as (T'|. The state 

|0) = (1,0,0,...) (2.35) 


is called a vacuum state. 
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Quantum field operators 

The Fock space is the desired Hilbert space on which the operator-valued 

distributions $(/) act. To see this, we first define the annihilation and creation 
operators. 

Definition 2.1.15. Given any (p G JY, the annihilation operator a{jp) : ^s(^) —)■ 
^g(e^) is defined by 

a(^)|T) ;= (^|^/’2), • • •, Vn + 1 (^|^/’n+i), • • •) , (2.36) 

whereas the creation operator a^{(p) : t is defined by 

at(v9)|T) := (O, p^|Jo, ..., y/np ...) . (2.37) 

Remark 2.1.16. The creation operator a^{p) is the adjoint of the annihilation oper¬ 
ator a(jp). The vacuum state |0) is such that a(^)|0) = (0, 0, ...) = 0. 

Remark 2.1.17. These operators are unbounded operators, but their action on a 
state |T) G gives another state in the Fock space if |\k) is a terminating 

sequence, in which case the resulting state is also a terminating sequence. 

These operators satisfy commutation relations. 

Proposition 2.1.18. The annihilation and commutation operators obey the follow¬ 
ing commutation relations 

[a{p), a{p')] = [a^{p), a^ip')] = 0 , [a{p), a^{p')] = {p, p') I, (2.38) 

with p, p' G JY’. 

Proof. One has 

at(<^>(^)|T) = a^{p') (^..., Vn + 1 {p\fjn+i), ■ ■ •) 

= (..., ^/hp' C)s Vn {p\^|Jn), • •, 


(2.39) 
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and 


a{ip)a\ip')\^) = a{ip) (..., y/nip' ■ ■ •) 

= y/n + l{'ip\Vn + lip' ®s i>n), •••) 

= (..., {n + T){lp\ip' •••) 

= nip' Cis + {p\p')'ipn, ■■■) ■ (2.40) 


Hence, 

[a(^), a\p)] Id') = |d'). (2.41) 

The other identities follow similarly. □ 

Let where is some index set, be a orthonormal basis of Jif. Together 

with their complex conjngates, they form a basis for the Hilbert space completion 
of snch that 

= = (d),|^) = 0, (2.42) 


for any i, j G If one sets 

Gi := a($i), aj:=a^(^i), (2.43) 


one can rewrite the commutation relations (2.38) as 


[(3-2, Uj] 


a\,a] 


= 0 , 


Oj, ttj 




(2.44) 


We now have all we need to define the qnantum field operator <I>(x). 


Definition 2.1.19. The quantum scalar field <h(a;) is an operator-valued distribution 
defined by 

<l>(a;) ;= ^ Jai<l'i(a;)-haj<l>i(a;) , 

iejr 

where is an orthonormal basis of JY. 


(2.45) 
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If follows from Definition 12.1.191 that 

a, = ($,|$), al = -(^|$). (2.46) 

More generally, given a complex classical solution (p G we could have dehned 

a((p) = ((^1$), a\p>) = -(^|4>). (2.47) 


Using the canonical commutation relations (2.38), one can derive the commu¬ 


tation relations for the held and its canonical conjugate momentum on a Cauchy 
surface S. 


Proposition 2.1.20. On a Cauchy surface S of constant time coordinate t, the 
quantum field $ and its canonical conjugate momentum 11 satisfy the canonical 
commutation relations 


[$(f, x), $(f, a;')] = [n(f, x), n(f, x')] =0, [4>(f, x), n(t, x')] = i5{x,x')I, (2.48) 

with X, x' representing coordinates on S and the Dirac delta distribution S(x,x') is 
a density in the second argument. 

Proof. Dropping the dependence on t for notational simplicity, for ip, fj ^ Jif, 


[a{p),a{'tl))\ 




- / dvolE(x) v?(x)V„<l>(x) - <I)(x)VnV7(a:) 


X / dvols(x') fj{x')V— ^{x')V— {P 'f’) 


d^-^x 


X / d^-^x' 


(p(x)n(x) — ^{x)'VnT{x) 


'0(x')n(x') — <h(x')Vn'0(x') — {p ■H- fj) 


drf ^x'< (p(x)'0(a:') [n(x), n(x')] 


+ YnT{x)'Vnfj{x') [<I)(x),<I)(x')] “ p{x)Vnf’{x') [n(x), 4)(x')] 

-YnT{x)'4’{x') [<h(x),n(x')]} 

0. (2.49) 
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Similarly, 

= (^|<l>)(^/>|$) - (^/>|$)(^|$) 

= — f d'^~^x f (T^~^x' {^p{x)'ip{x')\H{x),H{x')] 

Jt. Jt. 

+VnT{x)Vnij{x') [$(x), <l>(a;')] - <^(a;)V„^(a;') [n(a;), <l>(a;')] 
-VnTixmx') [$(a;),n(a;')]} 

= 0, (2.50) 


and 




= I (T ^x I (T ^x' \ (p{x)%lj{x')\H{x),Il{x')] 

Jt. Jt. 


+VnT{x)Vnij{x') [$(a;), $(a;')] - <^(a;)V„^(a;') [n(a;), $(a;')] 

-Vn^i^ix') [<l>(a;),n(a;')]} 

= (^|^). (2.51) 

The commutation relations follow. □ 


Remark 2.1.21. Note that the “smeared” form of these commutation relations is 


[$(/), $(.?)] = [nif),H{9)] = 0 , [$(/), n((7)] = i{f, ghi , (2.52) 

where f,g^ C^{E) and 

{f,g)i: = j dvohfg. (2.53) 

Finally, we can show that the quantum held obeys the desired commutation 
relation. 

Proposition 2.1.22. The quantum scalar field obeys the canonical commutation 
relation, for f,g^ C^{M), 


[<1>(/).<1>(9)1=»G(/,9)I. 


(2.54) 
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Proof. By using (2.16), the commutation relations (2.52) and Lemma 2.1.3 


= [—{^o,PiGf)T: + (‘hi, poG'/)s, —{^o,PiGg)^ + poGg)^.] 

= [-<h(piG/) + n(poG/), -HpiGg) + U{poGg)] 

= -i{piGf, poGg)Y. I + i{poGf, piGg)s I 

= -t [ dvols (GgVniGf) - GfVr^iGg)) I 
Jt. 

= iGU.g)l. (2.55) 

□ 

Remark 2.1.23. The “unsmeared held” <h(a;) satishes the commutation relation 

[<h(a:), <l)(a;')] = iG{x, a:')I • (2.56) 

When given an orthonormal basis {^i}i£jr of JY’, this is equivalent to 
[<l)(a;), <h(a;')] = 




<l>j(a;) <l>j(x') 


+ 


a*, a] 


$i(a;) ^j{x') + 


Clj, Uj 


$i(a;) ‘hj(a;') 


= |<h,(a;) ^i{x') - d>,(x) <l>,(a;')} I 

= iG{x, x')I. 


(2.57) 


We have then hnished the Dirac’s prescription to construct the quantum scalar 


held theory. We have constructed the Fock space ^s(^) in (2.33) and dehned the 
quantum held as an operator-valued distribution ‘h(/), whose “unsmeared” form 


is given by (2.45). The quantum held satishes the properties (i)-(iv) given in the 


beginning of this section. 


2.2 The case of stationary spacetimes 


In this section, we restrict our attention to stationary spacetimes, as dehned in 


section 1.2 The basic idea to construct the quantum held theory is to choose the 
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one-particle Hilbert space to be the subspace of complex solutions which are posi¬ 
tive frequency with respect to the timelike Killing vector held, in a straightforward 
generalisation of quantum held theory on Minkowski spacetime. There are, however, 
some subtle technical points which need to be carefully considered and which are 


explored in detail in 69,70 . Here, we give an heuristic discussion of the construc¬ 


tion and then a brief overview of the Green’s distributions associated with the held 
equation which will be needed. 


2.2.1 Positive frequency solutions 

In the last section it was described how to construct the one-particle Hilbert space 
JY as the completion of a subspace of the space of complex classical 


solutions such that the Hermitian form ac dehned in (2.31) is positive dehnite (and. 


hence, a scalar product (-I-)), and its complex conjugate span the space of 


complex solutions and = 0 for d)’*' G and <I>“ E However, there 

are many choices of such Hilbert spaces JY" and, therefore, the quantum held theory 
ultimately depends on our choice of JY. 

In quantum held theory, which deals with inhnite-dimensional vector spaces of 
solutions, diherent choices of JY" yield, in general, unitarily inequivalent theories. 
For a detailed discussion of this fact we refer e.g. to section 4.4 of [^. A simple way 
to visualise this point is to consider two such choices of one-particle Hilbert spaces, 
and Then, any solution (p G can be decomposed as ^ -j- with 
V’, ^ G The annihilation operator a((p), which acts on the Fock space 
can then be written as 


a(cp) = ((p|$) = + ^1$) = a(V’) - a^(0 , 


(2.58) 


where (2.47) was used. Let |0) G be the vacuum state of the Fock space 


dehned by such that a('0)|O) = 0. It is clear that 0(92)|0) 7^ 0, i.e. the vacuum 
state dehned using is not equivalent to the vacuum state dehned using 
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We conclude that the dehnition of a vacuum state depends on the choice of the 
one-particle Hilbert space JY’. 

This choice-dependence is also true for Minkowski spacetime. However, in this 


case, there is a natural choice of JY’, consisting of the subspace of positive frequency 


solutions (to be dehned below), which arises from the time translation invariance 
(and, ultimately, from the Poincare invariance) of the classical theory. In a general 
curved spacetime, there is no natural criterion, such as symmetries of the theory, 
for a unique choice of JY". 

However, for a globally stationary spacetime, as dehned in Dehnition 1.2.1 
there exists a time translation symmetry that can be used in an analogous way 
to Minkowski spacetime to select a natural choice of JY’. 

Let M be a globally stationary spacetime and let ^ be the future-directed timelike 
Killing vector held. Given the time translation symmetry, the Lie derivative with 
respect to C^, commutes with the Klein-Gordon operator P and, therefore, it 
maps the space of complex smooth solutions to itself. Furthermore, it can be 
shown that: 

Proposition 2.2.1. is anti-Hermitian with respect to the Hermitian form ac- 
Proof. One wants to show that i.e. 


dc(<I>,/:^d') = -dc(/:^<I>,d'), 


(2.59) 


for $, T G On the Gauchy surface E on which the Hermitian form is evaluated. 


one has that = Nn°' + iV“, according to (1.2), hence 


V„<h + Vn^ ■ 


(2.60) 


Applying (2.31), 



(2.61) 
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By using integration by parts and the torsion-free property of the connection, 

-^5^) ='^ [ dvols [(A^VnV„<h-l-V,iVAr<h) \I/— (A^ V„<h-l-V at^) Vn^] 

Jt, 

= i f dvols (Vn£g<h 'h - V„\I/) 

Jt, 

= -dc(£^$,^). ( 2 . 62 ) 

Hence, is anti-Hermitian. □ 

An immediate and important consequence is: 


Proposition 2.2.2. has purely imaginary eigenvalues and eigenvectors for dis¬ 
tinct eigenvalues are orthogonal. 


Proof. It follows directly from Remark 1.4.35 


□ 


A positive frequency solution is then dehned to be an eigenfunction of whose 
eigenvalue is purely negative imaginary. 


Definition 2.2.3. A mode solution 4) G is of positive freguency if it is an 
eigenfunction of such that 


= —ioj^ , a; > 0 . 


(2.63) 


A general solution is of positive frequency if it can be expressed as a linear combi¬ 
nation of mode solutions of positive frequency. 


Let denote the subspace of positive frequency solutions. Solutions in <5^^+ 
are called negative freguency solutions. 

Remark 2.2.4. Note that, even though positive frequency solutions cannot have 
spacelike compact support 


11 


, the space 5^^ is dense in © 5^'^+. 


Proposition 2.2.5. One has that 


(i) the Hermitian form ac is positive definite on (and hence defines a scalar 
product 






CHAPTER 2. QUANTUM FIELD THEORY ON CURVED SPACETIMES 67 


(ii) is the span of and 


(Hi) given any G y’^~^ and $ G then $ ) = 0. 


Proof. Item (iii) follows from Proposition 2.2.2 This shows that y‘^ can be orthog¬ 


onally decomposed as y'^ = © y^~^ and, hence, (ii). 

It remains to prove (i). We want to show that, for positive frequency <h. 


ac(<h, <h) = i 


i / dvols (<hVn*h — <I)Vn<h) > 0 

Jt, 


(2.64) 


The metric of the stationary spacetime can be written as (1.1), 


ds^ = -N^ + h,j (dx* + y df) (dx^' + W dt) 


(2.65) 


with f = dt and N, iV* and htj being independent of t. Note that the unit normal 
vector held is given by 

^ ( 2 . 66 ) 


n = ^ - N%) , 


and thus (2.64) is equivalent to 


f /h 

ac(4), $) = i - 4)94$ - $^5*4) + 4>Wai$) > 0 . (2.67) 

In the static case (W = 0), point (i) follows easily from 9*4* = —ia;4> with ca > 0, 


dc(4),$) = 2a; f d'^“^x^|4>|2 > 0 . 
«/ s 


( 2 . 68 ) 


In the non-static case, a bit more work is needed. Here, we just sketch the proof, 
by considering the special case for which the spacelike surfaces E are compact. 
Then, the spectrum is discrete and, by orthogonality, it suffices to consider positive 
frequency modes with hxed u. (If E is not compact, we need to consider wave- 
packets of positive frequency, which are localised in spacetime, as the ones described 


in Section 3.1.2, instead of mode solutions of sharp frequency.) 
Start with 

0 = / d'^-^xiV^ ($P4>) , 


(2.69) 
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where P = — ^Ris the Klein-Gordon operator and $ is a positive frequency 


solution, dt^ = with a; > 0. For a stationary spacetime with metric (2.65) 

the Klein-Gordon operator is 

1 


P = 




du) -mn? -iR 




Ny/h 

Substituting in (2.69[) gives 


di 


NVh - ^ ) S, 


— ^R. 


(2.70) 


0 = / d'^-^xNy/h 
is 


r 1^2 iV* — iV* — 

— 

AT* Art \ _ 

- I j + Jfl) |<*I 


(2.71) 


where integration by parts was used in the third and fourth terms and the boundary 
terms vanish, given the compactness of S. 

At this point, we use the fact that dt is timelike, which translates into 


N^ + hijN^N^ < 0 . 


(2.72) 


At each point of S, choose Riemann normal coordinates such that hij = 5ij and 


N^ = (A^\ 0, ...,0). Then, (2.72) shows that |A^^| < iV at that point, from which we 
can conclude that the quadratic form given by 

N^N^ 




N^ 


i, j = 1,... ,d- 1, 


(2.73) 


is positive. On physical grounds, we also assume that m? +^R > 0, such that there 
are no tachyonic instabilities. Then it follows that 


Y^-^xNy/h 


- 


iV2 


di^dj^ + {m^ + iR) |<F| 


> 0 


(2.74) 


Given (2.71) and recalling that a; > 0, we can conclude that 
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Therefore, 

ac($,$)= [ [2u\^\^-i^N^di^ + i^N^di¥] 

Jt, ^ 

C /h 

> / d'^-^x— [uj\^\‘^-i^N^di^ + i^N^di^] >0, (2.76) 

Jt. N 

which proves (i). □ 

It follows that a natural choice for the one-particle Hilbert space JY’ for a globally 
stationary spacetime is the subspace of positive frequency solutions. 

Let denote an orthonormal basis of and let t be a time function such 

that ^ = dt and x = (t, x). One can write a positive frequency mode solution as 

<hi(x) = 0i(x), cji > 0. (2.77) 

These expressions are written with a notation appropriate for the case in which the 
index set is discrete, for notational simplicity, but they should be thought to also 
include the continuous case. 


2.2.2 Green’s distributions 


In this section, we present a brief description of the Green’s distributions (and other 
closely related distributions) associated to the Klein-Gordon equation and their 
relation to the expectation values of products of the helds. We start by considering 
the case of systems with zero temperature before introducing the thermal Green’s 
distributions. This brief overview follows parts of [9,10,71 . 


Zero temperature Green’s distributions 

To start with two examples, the bi-distributions Gret and Gadv introduced in Deh- 

^(x, x') 


nition 1.7.14 satisfy 


Px G]-et(2^) X ) Px Gadv(^) ^ ) 


V-9ix) ’ 


(2.78) 
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in the sense of distributions, where Px is the Klein-Gordon operator at the point x 
and the Dirac delta distribution 6{x,x') is a density in the hrst argument. Hence, 
Gret and Gadv are Green’s distributions associated with the Klein-Gordon equation, 
= 0. As is normal with hyperbolic differential operators, there are several 
different Green’s distributions associated with a hyperbolic equation. 

The bi-distribution G introduced in Dehnition |1.7.17[ on the other hand, satishes 
the homogeneous equation 

PxG{x,x') = 0, (2.79) 


and is not, strictly speaking, a Green’s distribution. It is common practice, how¬ 
ever, to designate this and other related distributions as “Green’s distributions” or 
(misleadingly) “Green’s functions”. 

Above, it was shown that G{x, x') was related to products of two held operator¬ 


valued distributions <h(a;) and <h(a;') by the relation (2.57), 

iG{x, a;')I = [<h(x), <I)(a;')]. 

Given the support properties of Gret and Gadv, one has 


(2.80) 


iGret{x, x)l = -0(f - t') [<I>(x), $(a;')], (2-81) 

*Gadv(a:, a;')I = 0(t' - t) [$(a:), <I)(a:')], (2.82) 


where f is a time function on the spacetime and 0 is the Heaviside function. These 
Green’s distributions are characterised by their support properties in spacetime and 
can be dehned for any globally hyperbolic spacetime. Furthermore, they give the 
expectation value of different products of the quantum held, e.g. 

(T|[<I)(a:),<F(a:')]|^) =iG{x,x'), (2.83) 

where |\k) is a normalised quantum state. 

Another Green’s distribution which will be important is the following. 

Definition 2.2.6. The Feynman propagator associated with a vacuum state |0) 
is dehned as the expectation value of the time-ordered product of helds. 


G^(a;, x') := i{Q\AL (<I)(x)$(a;')) |0), 


(2.84) 
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where IT is the time-ordering operator, 

^ ($(a:)$(a:')) := 0(t - + 0(^' “ t)<h(a:')<^>(a:) • (2.85) 

The Feynman propagator satishes 

P,G’'{x,x') = -IpN ( 2 . 86 ) 

and, by dehnition, depends on the qnantnm state being considered. 

Definition 2.2.7. The Wightman two-point functions associated with a vacunm 
state |0) are dehned as, 

G+{x,x') := (0|<l'(a:)<l'(a;')|0), G-{x,x') := (0|<l'(a:')<h(a;)|0). (2.87) 

They satisfy the homogeneous equation 

P^G^{x,x') = 0. ( 2 . 88 ) 


On a stationary spacetime with time function t, the Wightman two-point functions 


can be expressed in terms of mode solutions of the form (2.77) as 


(^^(a:, a:') = ^ (fi^x) cfi^x') . (2.89) 

If At := t—t', one verihes that, as a function of At, G^ is analytic when Im[At] G 
Moreover, if |Af| < |Ax| ^ 0, i.e. if the points are spacelike separated, G'+(a:,a:') = 
G~{x,x') on the real axis. Therefore, there exists an holomorphic function ^ of At 
on the cut complex plane C \ ((— cxd, —|Ax|) U (|Ax|, cx))) such that 


IT{x,x') 


j G'^{x, x '), Im[At] < 0 , 
G“ (a;, a;'), Im[At] > 0 , 


(2.90) 


and both equalities hold when Im[At] = 0 and |Re[Af]| < |Ax| (see Fig. 2.1). In 
other words, the Wightman two-point distribution G^ is the boundary value of ^ 
as At approaches the real axis from below/above: 


G^ (At; X, x') = lim ^(At =F ie; x, x'). 
£->■ 0 + 


(2.91) 
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Figure 2.1: Cut complex plane for the holomorphic function 

On the imaginary axis, At = iAr G iM, one has 

x') = ^ 0-(a;) (j)i{x'). (2.92) 

Even though each mode term is not holomorphic in Ar, the series has an holomor¬ 
phic limit. Let’s assume for a moment that the spacetime is static. Then, 

G^(r, x; r', x') := x; ir', x') , (2.93) 

where r — r' = At, can be shown to be the Green’s distribution satisfying 

(□^-m^) G®(a;,a;') =-^^==, (2.94) 

where Ulx is the d’Alembertian on a Riemannian manifold with metric g^. In the 
static case, the operator — rrU is elliptic and, hence, has a unique Green’s distri¬ 
bution, G^, which is called the Euclidean Green’s distribution. If the spacetime is 
stationary, but not static, the operator is no longer elliptic in general and, therefore, 
uniqueness of the Green’s distribution does not necessarily follow. 

Note that the Feynman propagator G^ can be obtained from G^ by a rigid 
rotation of the domain from the imaginary axis to the real axis in a counter-clockwise 
direction, 

G^(At; X, x') = i lim ^(—iAte*®; x, x') = 

e^Tr/2- 


iG'^(At;x,x'), At > 0 , 

(2.95) 

i G“(At; X, x') , At < 0 , 
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which agrees with (2.84). Eq.(2.95) is usually written as 


G^{t, x; t', x') = i G^{t, x; t', x') . 


(2.96) 


This relation is a crucial part for the “Euclidean methods” used to obtain the Feyn¬ 
man propagator on static spacetimes. 


Non-zero temperature Green’s distributions 

The Green’s distributions discussed so far have been computed for pure quantum 
states such as the vacuum state, and hence are appropriate for systems at zero 
temperature. We now turn to thermal equilibrium states. The expectation value of 
an operator A for a thermal equilibrium state at temperature T = 1/(3 corresponding 
to a time-independent Hamiltonian H is given by the Gibbs formula 

Tr {e-^^A) 


:= 


(2.97) 


Tr(e-/3^^) ■ 

Here, we assume that the density operator p := is of trace class (see Defini¬ 


tion 1.4.38). This implies that H must be an operator with purely point spectrum 


{Ei}i^j! and that 


Z := Tr (e-^^) = < 


oo. 


(2.98) 


i&jr 


Remark 2.2.8. For a massive scalar held on a stationary spacetime with metric given 


by (2.19), the Hamiltonian H is given by: 

NM' 




‘^-^xNVh 


Ar2 

+(m 2 + ei?)<h2] , 


+ ^fl j + ^H 


(2.99) 


where U y/hU. If E is compact, it can be shown that if is a positive, compact 


operator and its trace is just the sum of its eigenvalues, cf. Proposition 1.4.40 More 


details can be found in 71 . 


Given this, one can dehne the thermal Wightman two-point functions as 

G^(a;,x') := (<h(a;)<l)(x'))/3, Gp{x,Y) := . (2.100) 
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Im[Ai] '■ 



Figure 2.2: Cut complex plane for the holomorphic function 


In terms of mode solutions, it can be shown that they are given by 

G^ix,x') = . ( 2 . 101 ) 

iSJ^ ^ 

Similarly to the zero temperature case, as functions of At, G~p and G'^ are analytic 
when —13 < Im[Af] < 0 and 0 < Im[Af] < (3, respectively. Moreover, if |Af| < 
|Ax| 7 ^ 0, i.e. if the points are spacelike separated, G^{x,x') = G^{x,x') on the 
real axis. Therefore, there exists an holomorphic function of At on the region 
{ 2 : G C : |Im[z] I < /d} \ ((— 00 , —|Ax|) U (| Ax|, 00 )) such that 


X, x') = 


G^{x, x '), —(3 < Im[At] < 0 , 

{x, x'), 0 < Im[Af] < (3 , 


( 2 . 102 ) 


and both equalities hold when Im[At] = 0 and |Re[At]| < |Ax| (see Fig. 2.2). 


From (2.101), one can derive the important property of thermal Green’s distri¬ 
butions, 

G ^{At — if3; X, x') = G^ {At; x, x'), (2.103) 


which is usually known as the KMS condition. This allows us to analytically continue 
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to C \ {^ G C : Im[z] = N(3, N ^ 7^, and |Re[ 2 ;]| > |Ax|}, by 

^^(At;x,x') =^/j(At + zAr/5;x,x'), NeZ. (2.104) 

On the imaginary axis, one has 

%{x,x') = , (2.105) 

J. 0 ^ 

for 0 < Ar < fl (in the rest of the axis the expression can be obtained by nsing 
( 2.104[ )). Then, assnming that the spacetime is static, 

G^(r,x;r',x') := ^/^(zr, x; zr, x'), (2.106) 

where r — r' = Ar, can be shown to be the Green’s distribution satisfying 

(□^-m^) G^(a;,a;') =-^^==, (2.107) 

such that G^KAt + /3;x,x') = G^(Ar;x,x'). That is, it is the Euclidean Green’s 
distribution for the elliptic operator Dj. — rrP acting on the cylinder x S of radius 
13. As in the non-thermal case, if the spacetime is stationary, but not static, this 
operator is no longer elliptic and there might not be a unique Green’s distribution. 
As before, the thermal Feynman propagator can be obtained by 

Go(At;X,x') = z lim %(—zAte*^;x,x') (2.108) 

6»-s.7r/2- 

which we will write simply as 

G^(t, x; t', x') = zG^(t,x;T,x') . (2.109) 

Finally, we note that the thermal and non-thermal Green’s distributions can be 
related in the following way. It can be shown (see e.g. |^) that 

OO 

^^(At;x, x')= i^(At-t-zA/9; X, x') , (2.110) 

N=—oo 

i.e. the thermal Green’s distributions can be obtained as an imaginary-time image 
sum of the zero temperature Green’s distributions. We will make use of this relation 
in Appendix|^to write the thermal Green’s distribution on the Minkowski spacetime 
in terms of its zero-temperature Green’s distribution. 
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2.2.3 Rotating black hole spacetimes 

In this section, we focus on stationary black hole spacetimes, by which we mean 
black hole spacetimes which are locally stationary. The Kerr black hole in four 
dimensions is the most notable example. In contrast with the Schwarzschild black 
hole, the exterior region of the Kerr black hole does not have a global timelike 
Killing vector field and, therefore, is not a globally stationary manifold in its own 
right. In the usual Boyer-Lindquist coordinates (t, r, 0, 0), the Killing vector dt is 
timelike for r > rs, where r = is the radial location of the stationary limit surface, 
and spacelike in the region given by r_|_ < r < (the ergoregion), where r = r_|_ 
is the radial location of the event horizon. If we instead consider the generator 
X = dt + of the horizon (where Qy, is the angular velocity of the horizon), 

then X is a Killing vector field and is timelike in the region r+ < r < r^, where 
r = rc is the radial location of the speed of light surface, and is spacelike in the 
region given by r > r^. (More details about these statements for the Kerr spacetime 
can be found e.g. in (^.) 

The quantisation procedure described above for globally stationary spacetimes, 
which chooses for the one-particle Hilbert space the subspace of positive frequency 
solutions of the field equation, is therefore not applicable to the exterior region of 
Kerr. The non-existence of an everywhere timelike Killing vector field in the exterior 
region of the spacetime is directly related to the non-existence of a well defined 
quantum vacuum state which is regular at the horizon and is invariant under the 
isometries of the spacetime. For the Kerr spacetime, this was noted by Frolov and 
Thorne and was proven in a seminal paper by Kay and Wald 

It is then expected that a state with these properties can be defined if we restrict 
the spacetime such that the scalar field does not have access to the region from the 
speed of light surface to infinity. This can be done by inserting a mirror-like, timelike 
boundary which respects the isometries of the spacetime. The simplest example 
is a boundary A4 at constant radius r = cmi on which the scalar field satisfies 


22 
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/\ 

/ \ 

\ r = r_ 


/ \ 

/ \ 



\ / 
\ / 


Figure 2.3: Carter-Penrose diagram of manifold M described in the text. 


Dirichlet boundary conditions. If we choose the radius such that tm £ 
then the horizon generator y is a timelike Killing vector held up to the boundary, 
and a vacuum state with the above properties is expected to be well dehned. The 
introduction of timelike boundaries was suggested in 26 and explored in 28 . As 


far as we know, no rigorous proof of the existence of such a state is available. 
However, the heuristic arguments given above strongly suggest that such a conjecture 
is expected to be true and we shall take it as an assumption from this point onwards. 

For dehniteness, we dehne the spacetime with timelike boundaries, M, to be the 
one constructed in the following way. Consider the non-extremal Kerr spacetime, 
0 < |a| < M, and let: 


region I be the exterior region; 


• region II be the black hole region; 

• region III be the white hole region; 


• region IV be the other asymptotically hat region. 

The maximal analytical extension of Kerr comprises more regions, which we will not 
consider (see for more details). In region I we insert a boundary A4. at constant 
radius r = r^, with rj^ G (r+,rc), on which Dirichlet boundary conditions are 
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imposed. We denote by I the portion of the region I from the horizon np to the 
mirror. In region IV, a similar bonndary Ai' is inserted, which can be obtained by 
the action of a discrete isometry J which takes points in region I to points in region 
IV by a reflection abont the bifnrcation snrface. In a similar way, a region IV is 
dehned. We take as the new manifold M of interest the nnion of regions I, II, III 


and IV (see Fig. 2.3). 

The resnlting manifold M is not globally hyperbolic and, hence, the qnantisation 
procedure described above for globally hyperbolic spacetimes is not applicable. In 


section |2.3| it is described how to construct a quantum held theory on a spacetime 
with timelike boundaries. The upshot is that one expects that a isometry-invariant 
vacuum state which is regular at the horizons can be dehned on the manifold M. 


The explicit construction of such a state is deferred to section 3.1 


Remark 2.2.9. Note that if only the timelike boundary AA had been introduced in 
region I, but no corresponding timelike boundary AA' in region IV, it is conjectured 


that there is no isometry-invariant vacuum state which is regular at the horizons 72 


2.3 The case of spacetimes with boundaries 

So far, we have dealt with globally hyperbolic spacetimes, on which the Cauchy 
problem describing the dynamics of a scalar held is well posed. However, there are 
examples of non globally hyperbolic spacetimes on which we might be interested in 
constructing a quantum held theory, such as spacetimes with boundaries. In the last 
section, we argued that an isometry-invariant quantum state which is regular at the 
horizon of a rotating black hole spacetime can be dehned if we restrict the spacetime 
by inserting appropriate timelike boundaries which respect the isometries of the 
spacetime. Another important example of spacetime with timelike boundaries is 
the anti-de Sitter (AdS) spacetime, whose spatial inhnity provides a natural timelike 
boundary. A quantisation scheme for a scalar held on AdS was introduced by Avis, 


Isham and Storey 73 and the main idea is that appropriate boundary conditions 







CHAPTER 2. QUANTUM FIELD THEORY ON CURVED SPACETIMES 79 


need to be introduced so that there is a unique classical solution to the held equation. 


Since then, there have been several similar attempts (e.g. 74,^) to construct 


consistent quantum held theories for non globally hyperbolic stationary spacetimes. 
Therefore, instead of imposing global hyperbolicity, consider a stably causal. 


stationary spacetime. Recall from Proposition 1.1.23 that a stably causal spacetime 
has a time function. If, furthermore, it is stationary the following can be shown. 

Proposition 2.3.1. If M is a stably causal, stationary spacetime, then there exists 
a spacelike surface S which intersects each orbit of the timelike Killing vector field 
exactly once. 


Proof. See Proposition 3.1 of 75 . 


□ 


Even though a stably causal, stationary spacetime which is not globally hyper¬ 
bolic does not possess a Cauchy surface on which initial data can be prescribed, it 
has spacelike surfaces which intersect the orbits of the timelike Killing vector held 
only once. However, initial data on such a surface is not enough to have a well posed 
initial value problem. 

For concreteness, consider the spacetime M constructed in the previous section, 
consisting of the portions of regions I, II, III and IV of the extended Kerr black 
hole between two timelike boundaries A4 and A4'. This spacetime is not globally 
hyperbolic, but it is stably causal and each region I and IV is a stably causal, sta¬ 
tionary spacetime in its own right. On each region there is a spacelike surface which 
intersects the orbits of the timelike Killing vector held of each region exactly once. 
Assume that two such surfaces on regions I and IV meet each other at the bifurcation 
surface and let S denote the whole spacelike surface on M, including the points at 
the timelike boundaries. We shall call this surface an “initial-value surface”. It can 
be thought as the restriction of a Cauchy surface in the original globally hyperbolic 
spacetime without boundaries which passes through the bifurcation surface to the 
regions I and IV, together with the bifurcation surface and the timelike boundaries 


see Fig. 2.4). By construction, this “initial-value surface” is compact. 
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Figure 2.4: Carter-Penrose diagram of manifold M described in the text with an “initial- 
value surface” S. 


One now considers the following mixed Dirichlet-Cauchy problem: 


P<h = 0, 

= $ 1 , 

= =o> 


( 2 . 111 ) 


M' 


where $ 0 ) *^*1 ^ C'“(S). Given that E is compact and the boundaries are timelike, 
standard results on mixed Dirichlet-Cauchy problems guarantee the well posedness 
of ( 2.111[ ) (see e.g. chapter 24 of (7^). 

Hence, even though the spacetime under consideration is not globally hyperbolic, 
upon imposing Dirichlet boundary conditions on the timelike boundaries the mixed 
Dirichlet-Cauchy problem is well posed. We then expect (and will assume) that our 
previous results derived for a globally hyperbolic spacetime to be carried over for 
the manifold M. Namely, we expect that the space of spacelike compact solutions 


to (2.111) to be a symplectic space with symplectic form given by (2.4), where 


the integral is evaluated on an “initial-value surface” E. Moreover, we expect that 
the construction of the quantum held theory from this symplectic space to remain 
valid and, therefore, we can obtain a Fock space whose vacuum state is regular 
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and isometry-invariant, as discussed in the previous discussion. We also expect 
this vacuum state to be “physically acceptable” in the sense of having the dehning 
features of a “Hadamard state”, as dehned for a globally hyperbolic spacetime. To 
conclude the discussion of the quantum scalar field theory, it remains to define this 
notion of “physically acceptable” state and discuss the issue of renormalisation of 
local observables, which is done in the last section of this chapter. 


2.4 Hadamard renormalisation 

The objective of this thesis is to compute the expectation value of local observ¬ 
ables for a given quantum field theory on a rotating black hole spacetime. Since 
observables in quantum held theory are self-adjoint operator-valued distributions, 
problems are bound to arise if we want to consider observables which are non-linear 
in the helds, such as and the stress-energy tensor Tab{x), which is given by 


Tab = (1 - 20+ ( 2^ - 2 J - 2e<hV6Va<h 

+ ^ ( - ^gabR] - ^gabm'^^^ ■ 


( 2 . 112 ) 


Since $ is a distribution on spacetime, these observables involve taking the product 
of two distributions at the same spacetime point, which is not a well dehned opera¬ 
tion. Therefore, some kind of renormalisation procedure is necessary. In this section, 
we will describe the Hadamard renormalisation, which is an extension of the stan¬ 
dard “point-splitting method” which uses the so-called Hadamard representation of 


the Green’s distributions. References for this part are 11,40 . 


2.4.1 The case of globally hyperbolic spacetimes 

First, note that both expectation values (<F^(a;)) and {Tab{x)), with respect to a given 
quantum state |4/), can be given as spacetime limits of the Feynman propagator 
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associated with |\I/). One has 


(<h^(x)) = —i lim G^{x,x '), 


(2.113) 


and 


{Tab{x)) = lim Tab'{x,x') [-iG^{x,x')\ , (2.114) 

x'^x 

where Tab'{x,x') is an operator-valued bi-tensor constructed by point splitting, 


Tab' = (1 - 20 (70 VaVb' + 2 e - - gabg^^' - 2^ga^ gb^ 


2 ^ gab'VpT'" + ^Rab- ^gabRj - ^gabm^ 


(2.115) 


where g°‘fj, is the parallel propagator, as introduced in (1.16). These expectation 


values have been regularised by point splitting and now we are dealing with well- 
dehned bi-distributions. 

For simplicity, the prescription is described in detail for ($^(a;)) and, at the end, 
the results are also presented for {Tab{x)). The basic idea of the prescription is to 
“subtract” the short-distance singular behaviour of the bi-distribution, in this case 
the Feynman propagator G^. For that, one expands the Feynman propagator for 
small geodesic distance between x and x'. 

Assume that x and x' are in a geodesically convex neighbourhood, cf. Dehni- 


tion |1.3.1| Then, with respect to a class of quantum states to be dehned below, the 
Feynman propagator has a Hadamard expansion which depends on the spacetime 
dimension d. 

1. For even d > 4, the Hadamard expansion of G^ is given by 

(^^(a;, x') = iad -i —,— i + ^^') log ^') +T] + W{x, x') 
{a[x^x') + ^ 

(2.116) 


2. For odd d > 3, the Hadamard expansion of G^ is given by 

U (x, x') 


G^ (x, x') = iad 


cr 


;- W{x, x') 

X, x') + ieYP~^ 


(2.117) 
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In both cases, one has that 


— ■ 


T{d/2 - 1) 


(2.118) 


2{2ttYP ’ 

U{x,x'), V(x,x') and W{x,x') are smooth symmetric bi-scalars which are regular 


when x' —)■ x, a(x,x') is the Synge’s world function (1.10), and ie with e —)■ 0-|- 
is introduced to give a singularity structure consistent with its dehnition as a 
time-ordered product. 

These expansions of the Feynman propagator are only valid when evaluated for 
a special class of quantum states. 

Definition 2.4.1. A quantum state for which the short-distance singularity of the 


Feynman propagator is given by either (2.116) or (2.117) is called a Hadamard state. 


Remark 2.4.2. The heuristic idea behind this dehnition is that the short-distance 
singularity structure of the Feynman propagator (equivalently, of the two-point func¬ 
tion (<h(a;)<F(a;'))) on a curved spacetime should be as close as possible to that on 
Minkowski spacetime. As seen below, the singular terms in the expansion of the 
Feynman propagator only depend on the local geometry (and not on the quantum 
state being considered) and, hence, it seems reasonable to require that a physically 
acceptable state has a two-point function (<I>(x)<F(x')) with the same short-distance 
singularity structure as on Minkowski spacetime. 


Remark 2.4.3. There is a more modern dehnition of Hadamard states introduced 


by Radzikowski 77 which uses microlocal analysis techniques and looks into the 


singularity structure of the two-point function. It is equivalent to Dehnition |2.4.1 
and the latter is sufficient for the purposes of this thesis. 


Remark 2.4.4. Results from 78 and 79 show that every globally hyperbolic space¬ 


time admit a wide class of Hadamard states. Analogous results are not available for 
spacetimes with boundaries, in which the dehnition of a Hadamard state needs to 


be modihed (see Section 2.4.2) 
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The key point of these expansions of the Feynman propagator evalnated for 
Hadamard states is that it can be shown that the bi-scalars U{x,x') and V{x,x') 
only depend on the geometry along the geodesic joining x and x', whereas the bi¬ 
scalar W{x, x') contains the qnantnm state dependence of the Feynman propagator 
(see e.g. [^). Hence, the Hadamard expansion of the Feynman propagator contains 
a pnrely geometrical part which is singular when x' —)■ x, 

U (x, x') 


Gni^dix^x') := ia^ 
for even d > 4, and 


G 


/ / ,\ ■ 1 +V(x,Y)\og[a(x,Y)+ie] 

(cr(x,x') + \ ^ J y , j j 

IJ(t 

n.Ax,x')-.= ia, ' 


(( t ( x , x') + ieYP~^ 

for odd d > 3, and a state dependent part, which is regular when x' —)■ x, 

G'feg(x, x') = iaa W (x, x'). 


(2.119) 


( 2 . 120 ) 


( 2 . 121 ) 


The singnlar part (2.119) or (2.120) is called the Hadamard singular part of the 
Feynman propagator. 

Given the Hadamard expansion of the Feynman propagator and its singnlar, 
non-state dependent Hadamard part, the hnal step of the Hadamard renormalisation 
procednre is to snbtract this part from the Feynman propagator and nse the regnlar 
part to dehne the renormalised local observables. 

Definition 2.4.5. The renormalised vacuum polarisation (<F^(x))ren with respect to 
a Hadamard state is dehned as 


(<F^(x))i.en := -i lim Gf (x,x'). (2.122) 

x'^x ^ 

The renormalised expectation value of the stress-energy tensor {Tab{x))ren with re¬ 
spect to a Hadamard state is dehned as 

{Tabix))ren ■= Hm Tabfx.x') [-? Gf (x, x')] + Oab{.x) , (2.123) 

X'^X L & J 

where Oab{x) is a state independent tensor which only depends on the local geometry 
and the parameters and f of the scalar held and which gnarantees that (Tafe(x))ren 
is conserved, i.e. V“(Tab(x))ren = 0. 
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Remark 2.4.6. The term Qabix) in (2.123) is necessary as the renormalisation pro¬ 


cedure fails to provide a conserved tensor. Additionally, an extra conserved tensor 
(denoted by Qab{x) in 1^), which also only depends on the local geometry and the 


parameters and ^ of the scalar held, can be added to (2.123), since the renor 


malised stress-energy tensor is dehned only up to a local, conserved tensor 11 38,80 


This leaves an intrinsic ambiguity in the dehnition of the renormalised expectation 
value of the stress-energy tensor, which cannot be corrected without a full theory of 
quantum gravity or an experiment. 

As noted above, the Hadamard singular part of the Feynman propagator is purely 
geometrical and, hence, does not depend on which quantum state the Feynman 
propagator is being evaluated. It is possible to explicitly compute the Hadamard 
singular part (up to the required order in a) in terms of the local geometry and the 
parameters and ^ of the scalar held. The results for 2 < d < 6 can be found 
in 


40 , here we present the results for d = 3 which are needed for this thesis. 


Proposition 2.4.7. For d = 3, the covariant expansion of the Hadamard singular 


part (2.120) of the Feynman propagator is obtained using 


U = Uo + Uia + 0{a^), (2.124) 

with 

Uo = Uo- Uoa cr’“ -h ^Uoab Cr’“cr’^ - ^MOafec CT’^Cr’V’'' -f O(a^) , (2.125) 

= Mi-MiaCX’“ + C>(a), ( 2 . 126 ) 

and where the coefficients are given by 

^0 f ) ^Oa 0 ) ^Oab , Wgabc ~^R(ab;c) 5 (2.127) 

and 

Ui = R, Mia = ^ i?;a • (2.128) 

Here, R is the Ricci scalar and Rab is the Ricci tensor of the spacetime. 
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Remark 2.4.8. Note that the expansion of the Hadamard singular part is only re¬ 
quired up to cr^ for the computation of the expectation value of the stress-energy 


tensor (2.123) since only two covariant derivatives are taken before taking the co¬ 
incidence limit. This also allows us to bypass the discussion of the convergence of 
this expansion. 


2.4.2 The case of spacetimes with timelike boundaries 


The above discussion of the Hadamard renormalisation and Hadamard states was 
formulated for globally hyperbolic spacetimes. Even though the focus was to analyse 
and ultimately subtract the short-distance singularity structure of the Feynman 
propagator, the concept of a quantum state is global, as evidenced by the non¬ 
existence of a natural vacuum state in a general curved spacetime. 

Here, we present a modihcation of the definition of a Hadamard state for the 
case of a spacetime with boundaries which was first proposed by (^. For that, first 
we recall the notion of a causally convex set. 


Definition 2.4.9. A subset 17 of a spacetime M is a causally convex set if, whenever 
two points X and x' of U can be connected by a causal curve in [/, the portion of 
the causal curve between x and x' lies entirely in U. 


We note that this dehnition differs from the Dehnition |1.3.1| of a geodesically 
convex set. We then define an Hadamard state in a spacetime with boundaries in 
the following way. Let Int M := M \ dM denote the interior of the spacetime. 


Definition 2.4.10. If, for any causally convex subset U of Int M which is a globally 
hyperbolic spacetime on its own right, a quantum state is Hadamard in the usual 
sense in U, then we say that the quantum state is Hadamard in M. 


Given this definition, the Hadamard renormalisation procedure described above 
is performed in exactly the same way. In Chapter an explicit implementation of 
the Hadamard renormalisation of local observables such as (<h^(a;)) for a scalar held 
on a rotating black hole spacetime is presented. 




Chapter 3 


Renormalised local observables in 
rotating black hole spacetimes 


In this chapter, we present a method to renormalise a class of local observables for a 
scalar held on a rotating black hole. We will focus on (2+l)-dimensional spacetimes 
for simplicity, but we argue that this method should be easily generalised to a wide 
range of rotating black hole spacetimes in four and more spacetime dimensions. 
Additionally, the details of the computation will focus on the renormalised vacuum 
polarisation (<h^(a;)). In Chapter]^ this computation will be made explicit for the 
case of a warped AdSs black hole. Finally, at the end of this chapter, it is explained 
why this method fails to renormalise local observables such as the expectation values 
of the stress-energy tensor for a rotating black hole spacetime. 

The contents of this chapter were published on [^|^. 


3.1 Scalar field on a rotating black hole 

In this hrst section, the outline of the calculation of the renormalised vacuum po¬ 
larisation for a scalar held on a (2-1-1 )-dimensional rotating black hole is displayed. 
Namely, we identify the quantum state of interest and apply the renormalisation 


procedure explained in Section 2.4 
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3.1.1 (2+l)-dimensional rotating black hole 


For concreteness, in the following we consider a generic (2+l)-diniensional stationary 
black hole spacetime, whose metric is of the form given below. This is the case of 
the warped AdSa black hole described in Chapter However, it will be argned that 
the method shonld be applicable to a wide range of rotating black hole spacetimes 
in three and more spacetime dimensions. 

We choose spherical coordinates {t,r,9), where t G (— 00 , cx)), r G (0, cx)) and 
{t,r,e) rs-/ {t,r,6 + 27r). In these coordinates, the metric of a (2+l)-dimensional 


stationary black hole, according to (1.1), can be written as 

ds^ = —N{r)‘^ dt'^ + grri^) dr^ + geeir) (d^ + N^{r) dt)^ , 


(3.1) 


where N{r) is the lapse fnnction and N^{r) is the shift fnnction. We make the 
following remarks abont the black hole: 


1. It is assnmed that there is r_|_ > 0 where g^^{r_^_) = 0, iV(r+) = 0 and 
grr{r+) N{r^) is hnite, such that r = r+ is the location of the event horizon. 
The region of the spacetime in which r > r+ is called the exterior region. 


2. In this coordinate system, dt and de are Killing vector helds. Even though 
it might seem natural to assume that dt is timelike in some region r > r', 
with r' > r+, we do not make such a requirement. Instead, it is only required 


that the spacetime be locally stationary, cf. Dehnition 1.2.3, i.e. any point of 
the spacetime must have a neighbourhood in which there is a timelike Killing 
vector held. In particular, there exists a Killing vector held of the form 


X — dt + fl'tt dg (3-2) 

which is timelike in the region (r_|_,rc), with > r_|_ and which generates the 
event horizon. This vector held is then null at the horizon and at the surface 
located at r = r^, which is called the speed of light surface. The constant Qy, 
is then interpreted as the angular velocity of the horizon with respect to the 
coordinate system. 
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As seen in Section |2.2.3[ for most cases of physical interest, snch as the Kerr 
spacetime in fonr dimensions, there is not any Killing vector held which is timelike 
everywhere in the exterior region r > r_|_. As a consequence, in the context of quan¬ 
tum held theory, there is not a well dehned quantum vacuum state which is regular 
at the horizon and is invariant under the isometries of the spacetime. However, we 
argued that a vacuum state with these properties can be dehned if we restrict the 
spacetime by inserting a mirror-like boundary which respects the isometries of the 
spacetime. The simplest example is a boundary Ai at constant radius r = tm, with 
r+ < tm < rc, on which the held satishes Dirichlet boundary conditions, as in this 
region x is a timelike Killing vector held. 

Given this remark, we add the following comments: 


3. We assume that there exists a Dirichlet boundary Ad at r = r _\4 and focus only 
on the portion of the exterior region from the horizon up to the boundary, the 
region I dehned in Section 
region of the black hole. 

4. In region I of the black hole spacetime, it is convenient to consider “co-rotating 

coordinates” (t = t, r, 9 = 9 — such that the Killing vector held y is 

given hy X = di and the metric is given by 

=-N(r)'^ dP + grr{r) dr'^ + geei^r) (^d9 + [N^{r) + Qy)dtj . (3.3) 

The coordinate t is, by dehnition, a time function in this region. 


2.2.3 


which from now is what is meant by exterior 


3.1.2 Scalar field and Hartle-Hawking state 


We now turn to the theory of a real massive scalar held <h on the exterior region of 


the rotating black hole. It obeys the Klein-Gordon equation (2.2), 


$ = 0 , 


( 3 . 4 ) 
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A thorough study of the classical theory for a general curved spacetime was 
done in Section |2.1.1[ followed by a discussion of the quantisation procedure in Sec¬ 


tion 2.1.2 The aim now is to identify the one-particle Hilbert space on which 
an isometry-invariant, regular state can be defined (as the vacuum state of the cor¬ 
responding Fock space and to construct the quantised scalar field as an 


operator-valued distribution which acts on the Fock space as in Definition 2.1.19 


Given that the spacetime under consideration is (locally) stationary, the natural 
choice for the one-particle Hilbert space is the space of positive frequency solu¬ 
tions of the Klein-Gordon equation with respect to a timelike Killing vector held, 
cf. Section [2.2.11 

First, note that, using the co-rotating coordinates (t,r,9), di and dg are Killing 


vector helds. Hence, there are mode solutions of (3.4) of the form 


(3.5) 


where ca G M and fc G Z, such that a general (complex) solution can be written as 


= dQ Y' r, 0 ), 


(3.6) 




where Ncjk is a normalisation constant. 


Remark 3.1.1. The mode solutions (3.5) with a; > 0 form a basis for the space of 


positive frequency solutions of (3.4) with respect to Killing vector y = di- This is 
not the space used to dehne the desired vacuum state. 

We want to hnd a vacuum state which is regular at the horizons of the extended 
spacetime and invariant under the spacetime isometries. The one-particle Hilbert 
space consisting of positive frequency solutions with respect to the affine parameters 
of the horizon satisfies these conditions. 

The affine parameters of the horizon are given by the usual Kruskal coordinates, 
similarly to the Kerr spacetime in four dimensions. Given the coordinate system 
{t,r,9), dehne the tortoise coordinate r* by 

dr* _ V'grrir) 


dr 


N{r 


i2 ’ 


(3.7) 
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such that r G (r+, cx)) is mapped to r* G (—cxd, cx)), and dehne the two null coordi¬ 
nates 

v:=i+r^, u:=i-r^. (3.8) 

Dehne a new angular coordinate ip by 

<\tP = S+ {N\r) + On) di. (3.9) 

The metric written in coordinates {v,r,ip) is given by 

ds^ = —iV(r)^du^ -I- 2^/grr{r)N{r)dvdr + gg0{r)dip . (3.10) 

The Killing vector held y in these coordinates is given hj x = 9^. Since it is 
null at the horizon, the latter is a Killing horizon. To hnd its surface gravity k^, we 
compute, at r = r+, 

= -X^V.Xm = V.(x') = = NdrNS^r , (3.11) 

and use the relation valid at r = r+. 


= n+Xi-, 


(3.12) 


to conclude that 


K+ 


drN 



r=r+ 


(3.13) 


The coordinate u is a non-afhne parameter along (part of) the horizon. To hnd 
an affine parameter, let x denote an affinely parametrised generator of the horizon, 
i.e. x“VaX^ = 0 on the horizon. It is easy to check that x = e'^+'^X is such a 
generator. Hence, if we denote by V the affine parameter, such that x = dy, then 
V oc Analogously, we have that U oc is an affine parameter along (part 

of) the horizon. 

This suggests that we dehne the Kruskal-like coordinates as 


K := 6^'+^, 


U ■= -e-^+^ 


(3.14) 
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These new coordinates allow us to analytically extend the spacetime in the standard 
way. In the extended spacetime, the horizon is now given by either 1/ = 0 or 17 = 0 
and the original exterior region is given by 17 > 0 and U < 0. Denote the surface 
17 = 0 by 'H~ (the past horizon) and the surface 17 = 0 by HA (the future horizon). 
Their intersection is the bifurcation surface. Denote the original exterior region by 


region I. As in Section 2.2.3 we assume that there is a Dirichlet boundary Ai at 
r = in the original exterior region and denote by I the portion of the region I 
from the horizon up to the boundary. We also assume that there is another Dirichlet 
boundary Ai' in the region given by 17 < 0 and 17 > 0 (region IV), which can be 
obtained by the action of a discrete isometry J : {U,V,9) t {.—U,—V,9), taking 
points from region I to region IV by a reflection about the bifurcation surface. 
Denote by IV the portion of region IV up to the boundary Aih 

From the results above, one can conclude that 17 is an affine parameter along 
whereas U is an affine parameter along H~. In other words, the vector held dy 
is tangent to affinely parametrised null geodesics along H^, whereas du is tangent 
to affinely parametrised null geodesics along H~. Therefore, denote by AA the one- 
particle Hilbert space of solutions such that 

(i) when restricted to H~^ are positive frequency with respect to dy; 

(ii) when restricted to H~ are positive frequency with respect to du] 

(iii) the Dirichlet boundary condition at A4 and Ai' is satished. 


Let denote the Fock space associated with AA, cf. Dehnition 1.4.23, We 

then dehne: 

Definition 3.1.2. The Hartle-Hawking state \H) is the vacuum state of 
Remark 3.1.3. We call this state the Hartle-Hawking state as this state satishes the 


same dehning properties as the state dehned on a Schwarzschild black hole 21 


namely the regularity at the horizons and the isometry invariance. Hence, this state 
can be thought as the natural generalisation to the rotating case with mirrors. 
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Having defined the Fock space of interest, one can define the qnantnm held in 


the way detailed in Section 2.1.2 For that, one picks an orthonormal basis of 
In the following, snch a basis is constrncted. 


1. Let fcez orthonormal basis of mode solutions of the form (3.5) 

on region I which satisfy the Dirichlet boundary condition at Ai. 

2. Dehne mode solutions on region IV, by the action of the isometry J, 

tZM-WW, (3.15) 

It is understood that the modes <I)f ^ only have support on region I and that 
the modes only have support on region IV. 

3. In the union I U IV, dehne the new mode solutions <I>b^ and by 

1 


:= 


+ X€IUIV, (3.16a) 


y/l — g-27ri;j/K+ 

4?j(x):=^=J==(4l,(i) + e-'“'-+4lV(x)), x e I U IV. (3.16b) 


\/r _ ^—2'KLbjK-\. 

These L and R modes can be analytically extended across the horizons. 


Proposition 3.1.4. The L and R mode solutions are of positive frequency with 
respect to the affine parameters of TL^ and TL^. 


Proof. We only show that is of positive frequency with respect to the affine 
parameter U of 'H~. For that, we want to decompose into its positive and 
negative frequency parts with respect to Lf and show that the latter vanishes. The 
Fourier transform of with respect to Lf is 




iaU /FvR 


(3.17) 


where 




’ —oo 
poo 


1 ~ ~ 1 
= ^l dffe-“'4?»(ff,r,«) + — 


2ir 


'0 


27r 


icrU / 
U)k \ 


da <F 


-a, r, 9 ). 
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We decomposed 4*?^ in its positive and negative frequency parts with respect to Lf. 
If 'i>g.( —cr, r, 6^) = 0 for a > 0, then is of positive frequency with respect to Lf. 

Suppose that r, 0) is analytic in the lower half of the complex fZ-plane 

and, furthermore, that 


lim max 

R-^oo e)g(_7r,0) 




= 0 . 


(3.18) 


Then, we can apply Jordan’s lemma to (3.17) when a < 0 and close the integration 


contour in the lower half plane to conclude that r,6) = 0 when cr < 0. 

To show this, hrst note that, on the past horizon is of the form 

where Q{U) is the Heaviside function, whereas 


(3.19) 


Thus, on TL , 


^^kiU,r+,e)^ "’Q{-U) + e -+A’Q{U) 


log(-C/) 


iJ^log(C/) 


Ak9 


(3.20) 


(3.21) 


To check that *h^fc(t7, r_|_, 9) is analytic in the lower half of the complex t/-plane, we 
extend the logarithm in the complex plane by taking the branch cut to lie in the 
upper half plane. Then, 




(3.22) 


and we can write 




ike 


(3.23) 


for all Lf. This is analytic in the lower half of the complex [/-plane. 


However, it does not satisfy (3.18). This is due to the fact that we are dealing 


with non-normalisable mode solutions with sharp frequencies, which leads that in 




icrU+i — log( — U) ike 

dLf e K+ ay ) 


(3.24) 
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the integral does not converge absolutely. 

Instead, we should consider wave-packets constructed as superpositions of posi¬ 


tive frequency modes, such as the ones in 13,81 


»0-+l)e 




doo e 




(3.25) 




where j G N, n G Z, e > 0 and is a mode solution generated by data of the form 
\/u: at future null inhnity. These wave-packets are made of frequencies within 
e of je and are peaked around retarded time u = ^ with spread ~ 1/e. Then, the 
additional integration over the frequencies required to construct the wave-packets 
make the above integrals over Lf convergent. □ 

Hence, we take the one-particle Hilbert space Aif to consist of the L and R mode 
solutions. The quantum scalar field <l>(x) is then defined to be 

OO 

^(^) = / do) + a?fc<l'^fc(a;)+h.c.] , (3.26) 

k=-oo “^0 

where h.c. stands for “hermitian conjugate”. The Hartle-Hawking state \H) is such 
that ak^\H) = a^f.\H) = 0. Moreover, one can dehne the Feynman propagator 


evaluated for this quantum state by (2.84). 


Remark 3.1.5. Note that the Hartle-Hawking state is the vacuum state of the Fock 
space associated with the one-particle Hilbert space Aif consisting of the 

L and R modes. As shown by 


21 


82 , it is however a thermal state with respect 


to the horizon generator Killing vector held y, introduced in (3.2). Therefore, the 


Feynman propagator evaluated for the Hartle-Hawking state, when written using 
the coordinates {t, r, 9) (which only cover region I), is a thermal Green’s distribution, 
as dehned in Section 12.2.21 


3.1.3 Hadamard renormalisation 


In Section 2.4 the Hadamard renormalisation of the vacuum polarisation (<h^(a;)) 
was described. We concluded that the renormalized vacuum polarization ($^(a;)) in 













CHAPTER 3. RENORMALISED LOCAL OBSERVABLES 


96 


any Hadamard state is given by 


(<l>^(a;))ren := -i lim [G^{x,x) - GHad(a:, x')] , 


(3.27) 


where Gnad is the Hadamard singular part of the Feynman propagator G^, evaluated 
for the Hadamard state. In the current three-dimensional setting, it is given by 

i U{x,x') 


GHiid{x,x') = 


4-\/27r \/a(x, x') -t- ie ’ 


(3.28) 


with the bi-scalar Lf given by (2.124). This bi-scalar can be expressed as a covariant 


Taylor expansion (see section 1.3.3) as 


Lf (x, x') = Lfk{x, x') (T’^(a:, x'). 


(3.29) 


fc =0 


For the computation of the vacuum polarization, it is sufficient to know the zeroth 
term, Uo{x,x') = 1 -|- 0{a), thus. 


GHad(a:,a;') = 


= + G(a^/2) _ 


(3.30) 


4\/27r a{x, x') + ie 
At this stage, we are faced with two important technical difficulties. To perform 


the subtraction in (3.27), we need to compute the Feynman propagator G^ evaluated 


for the Hartle-Hawking state and the state-independent Hadamard singular part 
Gnad- The former is usually obtained as a sum over mode solutions of the differential 


equation (2.86) satisfied by G^, whereas the latter is given in closed form by (3.28). 


This implies that, unless we are able to express the mode sum in closed form, which 
is generally not possible, we need to express Gnad as a sum over mode solutions, 
such that the short-distance divergence can be subtracted term by term. This will 
be done in Section lT3l 

First, however, we need to compute the Feynman propagator G^ and write it 


as sum over mode solutions of (2.86). If the background spacetime were static, the 


standard technique to obtain the Feynman propagator would be to consider the 


real Riemannian section of the static spacetime, cf. Definition 1.2.4 and obtain the 


Euclidean Green’s distribution G^ which satisfies the differential equation (2.106). 
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The Euclidean Green’s distribution is unique, due to the ellipticity of the Klein- 
Gordon operator in the real Riemannian section, and it can be easily computed using 
standard Green’s functions techniques. The Feynman propagator for the original 


static spacetime can then be obtained by using (2.109). 


Since our spacetime is stationary, but non static, this technique is no longer 
valid. If we instead consider the complex Riemannian section of the spacetime. 


cf. Dehnition 1.2.6 there is no guarantee that, in general, there is a unique Green’s 
distribution that solves the differential equation, as the Klein-Gordon operator is 
not elliptic in the complex Riemannian section. In the next section, we describe 
how the complex Riemannian section can still be used to compute the Feynman 
propagator in this case. 


3.2 Quasi-Euclidean method 

In this section, we present the “quasi-Euclidean method” to compute the Feynman 
propagator for a scalar held in the Hartle-Hawking state on a rotating black hole 
spacetime. This is a generalisation of the “Euclidean method” used for static space- 
times and involves the complex Riemannian section of the exterior region of the 
rotating black hole spacetime with a timelike boundary. Ideas similar to the ones 


presented in Section |2.3| allows us to conclude that there exists a unique Green’s 
distribution associated with the Klein-Gordon equation in the complex Rieman¬ 
nian section which can obtained as a mode sum using standard Green’s functions 
techniques. 

The complex Riemannian section of certain rotating spacetimes has been briehy 

a more 


discussed in 23,35,36 in the context of the Kerr-Newman black hole. In 


general concept of “local Wick rotation” is discussed for any Lorentzian manifold, 
even without a timelike Killing vector held, as long as its metric is a locally analytic 
function of the coordinates. 
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3.2.1 Complex Riemannian section 


In Section 1.2.2 the real Riemannian section of a static spacetime was defined. 
In short, a static spacetime can be thought of as a real Lorentzian section of a 
complex manifold, for which it is always possible to find a real Riemannian section 
by performing an appropriate analytical continuation. For a (2+l)-dimensional 
static spacetime whose metric in coordinates (t, r, 6) is 


ds^ = -N{rf‘ + grr{r) dr^ + gee{r) d6'^ , 


(3.31) 


where t is a global time function, one can obtain the real Riemannian section by 
performing a Wick rotation t —)■ —ir G iM, 

d4 = N{rY dr^ + grr{r) dr^ + geg{r) . (3.32) 


The analytic continuation procedure does unfortunately not have an immediate 
generalization to spacetimes that are stationary but not static which generates a 
real Riemannian section. For the exterior of a rotating black hole, one issue is that 
the exterior need not have a globally timelike Killing vector even when each point 
in the exterior has a neighbourhood with such a Killing vector, i.e. it is locally 


stationary, as we saw in Section 2.2.3 A second issue is that there may exist no 
analytic continuation in the coordinates that results in a real Riemannian section. 
Both of these issues are present in Kerr (for which the absence of a real section with 
a positive dehnite metric was shown in [^) and in the (2 + l)-dimensional warped 
AdSs black holes considered in Chapter It is possible to obtain a positive dehnite 
metric by analytically continuing not just the coordinates but also the parameters 
(e.g. the angular momentum parameter in Kerr [^), but the physical relevance of 
continuing parameters seems debatable [3^ . 

If we only consider region I of the (2+l)-dimensional rotating black hole space- 
time, there exists an everywhere timelike Killing vector held, y = d^. If we perform 


a Wick rotation t = —ir G ?M, the metric (3.3) becomes 

dsc = N{r)'^ dr^ -1- grr{r) dr^ + ggg (d9 - i [N%r) + f2^)dr 


(3.33) 
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This is the complex-valued metric g'^ of the complex Riemannian section of a 
complex manifold, in which region I is a real Lorentzian section, cf. Dehnition 


1 . 2.6 


This metric is regular at r = r_|_ if r is periodic with period 27i/k^, where is 


the surface gravity of the black hole obtained in (3.13). Otherwise, there would be 
a conical singularity at r = r+. The resulting manifold has two periodic directions 
and a third direction that is also compact due to the boundary at r = 


3.2.2 Green’s distribution in the Riemannian section 


In the real Lorentzian section of the rotating black hole, we defined the Feynman 
propagator evaluated for the Hartle-Hawking state in the usual way as a bi¬ 
distribution on M. In the complex Riemannian section /^, we hnd the Green’s 
distribution G associated with the Klein-Gordon equation (which should not be 


confused with the causal propagator G introduced in Dehnition 1.7.17). Given the 
construction of I'’", the results obtained in this section will only be relevant for region 
I of the original spacetime. 

In the complex Riemannian section the Green’s distribution G associated 
with the Klein-Gordon equation satishes the distributional equation 

6^{x,x') 6 {t — T')6{r — r')6{6 — 6') 


-^R) G{x,x') = 


V^) 




(3.34) 


where g{x) := det{g‘^^) and := 

In contrast to the real Lorentzian section, there is a unique solution to this 
equation in the complex Riemannian section which satishes the following boundary 
conditions: 


(i) G{x,x') is regular at r = r+; 

(ii) G{x,x') satishes the Dirichlet boundary conditions at r = r_M. 

This follows from the uniqueness results for boundary value problems in compact 
manifolds. Note that two of the directions of the complex spacetime are periodic. 
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while the third direction is compact due to the existence of the timelike bound¬ 
ary. In contrast, on static spacetimes without boundaries (and suitable asymptotic 
properties at inhnity), the real Riemannian section has a unique Euclidean Green’s 
distribution, due to the ellipticity of the Klein-Gordon operator, as previously re¬ 
marked. 

Given the periodicity conditions of r and 6, one has 


OO 


5{t — t') 

6{e - 6') 


iK+n{T-T') 

27r ^ 

n=—OO 

(3.35) 

- OO 

^ V P^Ae-e') 

271 ^ 

(3.36) 


k=—oo 

understood as distributional identities. We can write the Green’s distribution G{x, x') 
as a sum over modes Gnk{r, r') 


G{x,x') = ^ Y Gnkir.r'). 

n=—oo k=—oo 


(3.37) 


By using (3.35), (3.36) and (3.37) in the held equation (3.34), we obtain an ordinary 


differential equation for Gnk, 


5(r-r') 

nk — 

(3.38) 

The solutions of this equation can be given in terms of solutions of the corresponding 
homogeneous equation. Let pnk be the solution of the homogeneous equation which 
is regular at the horizon and let Qnk be the solution of the homogeneous equation 
which satishes the Dirichlet boundary condition at the timelike boundary. Then, by 
the standard theory of Green’s functions (e.g. Ghapter 10 of [^), the radial part of 
the Green’s distributions is given by 





(k+u ik (iV® G-h) ) k 




— — - — ^R 

9ee 


Gnk{r,r') = GnkPnk{r<) qnkir>) , 


(3.39) 


where r< := min{r, r'}, r> := max{r, r'} and Gnk is the normalization constant 


determined by the Wronskian relation 

^ / dqnk dpnk\ _ 1 

^nk I Pnk , , I _ • 

V dr dr y 


(3.40) 
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Hence, we have found the unique solution of Eq. (3.34) which satishes the bound¬ 


ary conditions of regularity at the horizon and Dirichlet condition at the timelike 
boundary. The Green’s distribution is expressed as a sum over mode solutions of 


the differential equation (3.38). For convenience, we rewrite (3.37) as 


G{x,x')=: 


(3.41) 


k=—oo 


In the current (2-|-l)-dimensional case, it is generally possible to find the mode 


solutions (3.39) in closed form in terms of known functions, whereas we need to 


resort to numerical methods for four or more dimensions. In Chapter we will 
explicitly hnd the mode solutions for a scalar held on a warped AdSs black hole. 


3.3 Re normalisation procedure 

In the last section, we described how to compute the Green’s distribution associated 
with the Klein-Gordon equation in the complex Riemannian section of the exterior 


region of the rotating black hole. As noted at the end of Section 3.1, we also need to 
express the Hadamard singular part Gnad of the Feynman propagator as a sum over 
mode solutions, such that the short-distance divergences can be subtracted term 
by term. Before that, we need to make sense of Gnad in the complex Riemannian 
section. 


In Section |1.3.4| we verihed that the local geodesic structure of a real Lorentzian 
manifold is preserved when going to the complex Riemannian section and, in par¬ 
ticular, we can dehne a notion of a geodesically linearly convex neighbourhood as 


in Dehnition 1.3.15 and generalise the definition of the Synge’s world function, as 


in Definition 11.3.171 

Henceforth, we can write the Hadamard singular part of the Green’s distribution 
G in the complex Riemannian section as 


GHad(a;,)r') — 


4:^/2n ^ya(x, x') 


+ G(ah2). 


(3.42) 
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In an analogous way to the real Lorentzian case, we now subtract the Hadamard 
singular part from the Green’s function G and then take the coincidence limit to 
obtain the vacuum polarization at x G I, 


($2(3;)) = lim [G{x,x') - GHad(a:,x')] 


(3.43) 


(In a slight abuse of notation, on the RHS of the equation x,x' G such that 
X E is the result of a Wick rotation of x G I.) 

By construction, the Green’s distribution G is regular at r = r+, satishes the 
Dirichlet boundary conditions at r = and is invariant under the spacetime 


isometries. Therefore, together with (2.109), after analytically continuing back to 
the Lorentz section, (<h^(x)) as given by (3.43) is the vacuum polarisation for a scalar 
held in the Hartle-Hawking state. 


3.3.1 Subtraction of the Hadamard singular part 


It remains to perform the subtraction in (3.43) before the coincidence limit can 


be taken. As G is known only as the mode sum (3.37), the evaluation of {$^(x)) 


requires Gnad to be rewritten as a mode sum that can be combined with (3.37) so 
that the divergences in the coincidence limit get subtracted under the sum term by 
term. For a general spacetime, it is not known how to express Gnad as a mode sum. 

We accomplish this in the following way. The Hadamard singular part incor¬ 
porates the short-distance singular behaviour of the Green’s distribution for (the 
complex Riemannian section of) a rotating black hole, which should be of the same 
form as the singular behaviour of the Green’s distribution for the (complex Rieman¬ 
nian section of) Minkowski spacetime, given that we are dealing with Hadamard 
states. A good thing about Minkowski spacetime is that the zero temperature 
Green’s distribution for a scalar held is known in closed form 

^-my/2a{x,x') 


G“(x,x') = 


4vr .y/2ct(x, x') 


(3.44) 
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This means that the thermal Green’s distribution can be expressed both as 
an imaginary-time image sum of the zero temperature Green’s distribution using 


(2.110) and also as a sum over mode solutions, say, 

OO OO 


(3.45) 


k=—oo 


as 


described in Appendix And, of course, we know how to write its Hadamard 


singular part x') in closed form, as in (3.42). This allow us to write the 


Hadamard singular part as in (A. 17), 

OO OO 

E e“‘'’-^lG^,{x,x')-G^^{x,x'), (3.46) 


k=—oo 


where G^g(x, a:') is a finite term when the coincidence limit is taken, which is ob¬ 
tained in Appendix Eq. (3.46) expresses the Hadamard singular part of the 
Green’s distribution for the Minkowski spacetime as a sum over mode solutions, 
plus a regular term which can be easily computed since we know the Minkowski 


Green’s distribution in closed form (3.44). 

In general, it is not possible to obtain the Green’s distribution for the rotating 
black hole spacetime in closed form and, therefore, it is not possible to write its 


Hadamard singular part as in (3.46). However, as we argued above, the Hadamard 
singular parts of the Green’s distributions for the rotating black hole and Minkowski 
spacetime are essentially of the same form, just given in different coordinate systems. 
As we show below, it should be possible to express G}ia.d{x,x') of the black hole in 
terms of x') which, in turn, we know how to write in terms of a mode sum. 


as in (3.46)! Therefore, we are able to subtract the short-distance divergences of the 
black hole Green’s distribution by using a sum over mode solutions of the Minkowski 
Green’s distributions differential equation. 

To explain this procedure in detail, it is convenient at this stage to consider a 
particular choice of point separation. Assume that the black hole metric is given in 
coordinates (r, r, 6^), whereas the Minkowski metric is given in coordinates 
Now, consider the case of angular separation in each spacetime, such that for the 
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black hole case x = (r, r, 0) and x' = {T,r,9), with 9 > 0, and similarly for the 
Minkowski case. 

The expansion of the Hadamard singnlar parts for small 9 are 


GHad(a^, x') 


^Had 


(x, V) 


111 
Vdeeir) 9 


+ 0{9), 


dvr 




^ + 0{9), 
9 


(3.47) 

(3.48) 


where g^{p) = is the 00-component of the metric for the rotating 
spacetime (see (A.2)). We are free to make the identihcation 






(3.49) 


where 7 (r) > 0 is a fnnction to be specihed. This identihcation provides a matching 
between the two radial coordinates, p = p(r) = and allows us to ex¬ 

press G'Had(a^, x') of the black hole in terms of GHad(2^) x'), as argued in the beginning 
of this section. 

Given this identihcation, we can now write 

OO OO 

G{x,x')-G^^{x,x') = ^ ^ [Glf{x,x')--i{r)-^G^k{x,x')\ 

k=—oo n=—oo 

+ 7(r)-'G^g(a;,x') + O(0). (3.50) 

We have succeeded in writing G{x,x') — G}ind{x,x') as a sum over the diherence of 
mode solutions, plus a regular term which is hnite in the coincidence limit. 

At this point, note that the Minkowski Green’s distribution has several free 
parameters: Tm (temperature of the scalar held), Gm (angular velocity of the coor¬ 
dinate system) and (squared mass of the scalar held), besides the unspecihed 
factor 7 we introduced above (for more details on these parameters, see Appendix [A|. 
However, the combination 

OO OO 

= 'j{r)-^G^^^{x,x') (3.51) 

k= — OQ 


n=—oo 
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(see (3.46)) is unchanged if any of these parameters are modihed, since 
is independent of them. Therefore, these parameters can be chosen such that the 


double sum in (3.50) is convergent when 0 —)■ 0. To check the convergence of the 


double sum, we need to analyse the asymptotic behaviour of the summand for large 
values of n and k. 


3.3.2 Large quantum number behaviour 


In order to check the convergence of the double sum (3.50) in the coincidence limit. 


we need to obtain the asymptotic behaviour of the summand for large values of the 
quantum numbers n and k. 


For a black hole spacetime with metric (3.33) in the complex Riemannian section, 
the Klein-Gordon equation 


(V^ <h(r,r,0) = 0, 

together with the ansatz <I)„fc(r, r, 0) = 0nfc(?’), leads to 

1 d / d\ {K+n + tk{N<^ + Qn))" k^ . 


(3.52) 


(pnk 0 . 

(3.53) 


Let and 0^^ be two independent solutions of the radial equation (3.53). 
Dehne a new radial coordinate ^ such that the equation can be written in the form 

dVnfc(0 




- {xlkiO+ v‘^{0) MO = 0 , 


(3.54) 


and the Wronskian relation is given by 




de 


de 




(3.55) 


nk 


where Cnk is a constant and XnkiO contains all the n and k dependence and is large 


whenever rP + is large. From (3.53) we obtain 


d ^ rr d 


(3.56) 
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and 


xlk = 9m = 9m^^ ■ (3-57) 


We are interested in obtaining the large Xnk expansion of the qnantity 


(3.58) 


This asymptotic expansion can be obtained nsing a WKB method and this is de¬ 
scribed in Appendix [B| From Proposition B.0.2, the asymptotic expansion of QnkiO 
for large valnes of Xnk is 


GnkiO = 


{xlkY , 5[(xL)f 


+ 


+ o{x-l ), 


(3.59) 


2Xnfc ^Xik ^^Xlk ^^Xlk 
where the prime represents derivative with respect to 

For onr case of interest, Qnk plays the role of the radial part of the Green’s 


distribntions, given by (3.39), whereas 0)^^ and correspond to pnk and qnk for 
both the black hole and Minkowski spacetimes. 


3.3.3 Fixing of the Minkowski free parameters 

We now have all we need to determine the choice of parameters of the Minkowski 


Green’s distribntion which makes the mode snm in (3.50) convergent in the coinci¬ 
dence limit. This nniqne choice is the following. 


Theorem 3.3.1. If the parameters 7 , Tm and Gm are chosen as 

7 (r) = N{r ), Tm = ^ , Gm = N\r) + , 

ZTT 


(3.60) 


then the double sum in (3.50) is finite in the coincidence limit. 


Proof. First, we obtain the leading terms in the asymptotic expansions of the snm- 
mands in (3.50), using (3.59). The summand G^fi{x,x) of the Green’s distribution 


G{x,x') in (3.41) has the following asymptotic expansion for large Xnk 




(3.61) 
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Analogously, for the Minkowski Green’s distribution, the summand in 


(3.46) has the asymptotic expansion 


Gl{x,x') = 


Tjv 


2x„t 


+ O . 


where 


xfkipf = (2vrTMn + ikOmf + 


(3.62) 


(3.63) 


The double sum in (3.50) will be hnite in the coincidence limit if the leading 
term in the asymptotic expansion of the summand vanishes, that is, if the term of 
order Xnk expansion of G^^{x,x) cancels with the term of order (x”) ^ of 

the expansion of 7 (r)“^ G^i.{x, x). This only occurs if the free parameters 7 , Tm and 
Gm are chosen as 


lir) = N{r ), Tm = ^ , Gm = N\r) + . 

ZTT 


(3.64) 


To show that the double sum is indeed hnite in the coincidence limit, we need 
to check that the double sum of the remaining terms in the asymptotic expansion 
of the summand, which are O (x~|), is hnite. 

It is enough to consider 

AG(r) ;= ^ [G^f{Lr)-x{r)~^G^j^{p{r),p{r))] , 


(3.65) 


k,n 


where Yin k stands for the double sum over k and n excluding the fc = n = 0 term. 
The hrst terms in the WKB-like expansion cancel each other, thus 

AG(r) = 5^' {G™W(r) + 0(x7) - 7W-‘ [g“7(p) + 0((x”t) 


\-5^ 


, (3.66) 


k^n 


where and are the terms of the expansion of order Xnk 


respectively. With the choice (3.60), one has 

Xnkir)^ 


xZkirY = 


Therefore 


AG(r) = 


k^n 


N{ry 

>V(r) 


.Xnk{r) 


O^Xnl) 


(3.67) 


(3.68) 


where W(r) does not depend on n and k. 
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Note that: 
W(r) 


E' 

k,n 


Xnkir)" 


^ \9eei'^) {i^+n + ik{N%r) + Qn)Y + N{rfk'^ 

k,n 

= J2{ [9eeir)K-W + - 9eeiN\r) + Llnf) k'^]‘ 


k,n 


+ Ag^^{rfiN%r) + nnrKin^k 


2„2 2,2 


-3/4 


< [9U'<^)>^W + - 9ee{^){N\r) + D^f) /c^] 


-3/2 


k,n 


(3.69) 


Lemma 3.3.2 below shows that the latter series is convergent. This proves the 
absolnte convergence of 

>V(r) 


E' 

k,n 


XnkirY 


Finally, since 


lim 

IxbhKoo 


wh) 1 n 

:xYk) 



W(r) 




= 1 


(3.70) 


(3.71) 


the limit comparison test implies the absolute convergence of 

W(r) 


E 

k.n 


.Xnk{r) 


oix-J) 


Therefore, we conclude that the AG{r) is hnite. 

Lemma 3.3.2. Let A, B > 0. Then, 


(3.72) 


□ 


k,n 


{An‘^ + Bk^yA 


< oo 


(3.73) 


where ^ stands for the double sum over k,n G h excluding the fc = n = 0 term. 
Proof. We write 


s = J2Sk, 


(3.74) 


kez 
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where 


Sk := 




(An2 + 5A:2)3/2 


E 


^ 3/2 ^3 ’ 


, A; 7^ 0, 


A; = 0. 


(3.75) 


nez\{0} 

Each Sk is clearly hnite, and S-k = Sk- For A: > 0 we have 

OO 


7 2 m 1 1 k—>-oo 2 

k Sk= 2^ -^ 


[B + A{riyf^k 


By/A' 


since the series in (3.76) becomes the Riemann snm for the integral 

1 2 


dA 


Thus, 


so that S is hnite. 


Sk 


{B + 7lA2)3/2 

2 1 1,1 

|A;| —>■ cx). 


By/Ak‘^ ’ 


(3.76) 

(3.77) 

(3.78) 

□ 


Remark 3.3.3. The choice (3.60) for the parameters of the Minkowski Green’s distri¬ 


bution corresponds to have the temperature Tm of the scalar held in Minkowski to 
match the Hawking temperature of the black hole and to have the angular velocity 
Gm to be equal to the one measured by a locally non-rotating observer at radius r 
in the black hole spacetime. 

The key aspect of the proof is that, in order to remove the divergences, we 
only need to know the asymptotic behaviour of the Green’s distribution summands 
G^f{r,r) and G^^(p,p) for large values of n and k, and not the full solutions. 
This implies that, apart from technical difficulties, this method can be applied to 
black holes in four or more dimensions, for which although we can only obtain the 
Green’s distributions numerically, the asymptotic expansions of the summands for 
large quantum numbers can be explicitly computed using the above procedure. 


Setting the parameters as in (3.60), it is now possible to take the coincidence 


limit 0 —0 of (3.50) and compute the renormalized vacuum polarization (3.43). In 


Part II of the thesis, as an example, we present the results for the particular case of 
the warped AdSs black hole. 
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3.4 Expectation value of the stress-energy tensor 


In the previous section, we successfully implemented a method to compute the 
renormalised vacuum polarisation of a scalar held on a rotating black hole by sub¬ 
tracting the short-distance divergence of the Feynman propagator using a sum over 
Minkowski modes with the same singularity structure. The next physically inter¬ 
esting local observable is the renormalised expectation value of the stress-energy 
tensor, {Tab{x)). In this section, we demonstrate why the method described in this 
chapter cannot be used to renormalise the stress-energy tensor. 

First, recall that we dehned the renormalised expectation value of the stress- 
energy tensor in Dehnition 2.4.5 as 


{Tabix)) = lim Tah’{,x,x') [-1 {G^{x,x') - GHad(a:,a;'))] + Oab{.x) , (3.79) 

rr' _i.'y ^ 


where Qab{x) is a state independent tensor which ensures that {Tab{x)) is covariantly 
conserved and 


Tab' = (1 - 20 Qb'VaVb' + ( 2^ - 2 J 9ab9^"'^cVd' " 2^ 9 a'''9 b''V a'V b' 
2 ^ gab'^p'^^ + ^Rab- ^9abFn - ^gabm^ ■ 


a' b'\ 


(3.80) 


Besides having to carefully perform the coincidence limit of G^(a:, x')—G}iad{x, x') 
as in the vacuum polarisation computation, for the stress-energy tensor we also need 
to consider terms of the form VaVb \G^{x,x') — G'Had(a;, • Here, we show that 
the implementation of our renormalisation method, in particular the formulation 
of Gi{ad{,x,x') as a sum over Minkowski modes, fails to subtract the short-distance 
divergences of x') and, hence, the whole unrenormalised stress-energy 

tensor. 


Remark 3.4.1. A heuristic argument that suggests the method indeed fails to renor- 
malise the stress-energy tensor is that to match the short-distance divergences of 
VaVbG'Had(a;, a:') on the rotating black hole spacetime to the the short-distance di¬ 
vergences of VaV;,GHad(^! ^0 Miukowski spacetime (in rotating coordinates) it 
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will be necessary not only to identify components of the metric tensors (as in (3.49)) 


but also derivatives of those components. However, the shift function (present 
in the f6'-component of the metric) is a function of the radial coordinate r for the 
rotating black hole, whereas it is a constant (—Hm) for the Minkowski spacetime 
(in rotating coordinates). We then expect that the matching between derivatives of 
the metric components with respect to the radial coordinates might not be possible. 
This is indeed the case, as we show explicitly in the following. 


3.4.1 Derivatives of the Hadamard singular part 

Here, we work again in the complex Riemannian sections of both the black hole and 
Minkowski spacetimes. First, we compute the double covariant derivatives of the 
Hadamard singular part, V^VyGHad(a^, a;'). Recall that the Hadamard singular part 
in three dimensions is given by 

1 U{x,x') 




dy^TT -y/alx, x') ’ 


(3.81) 


where the bi-scalar Lf is given in (2.124), thus, 

U 


a 


1/2 


Uo 

1/2 


a 




(3.82) 


and f/o and Ui given in Proposition 2.4.7 To simplify the expressions in the follow¬ 


ing, we only consider spacetimes with a constant Ricci scalar. In three dimensions, 
this is not a major restriction, as all solutions of Einstein gravity satisfy this prop¬ 
erty (this is not necessarily true of modihed theories of gravity). The examples in 
Part H of this thesis have constant Ricci scalars. 

The hrst covariant derivative of U up to 0{a) is 


U 


Uo-fj, 1 Ho I ^ _L rot 'i 


^1/2 J ^1/2 2 a3/2 


Note that the term = 0{a). 


(3.83) 
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The double covariant derivative oi U a up to is 


U ' 




_ UQ-fxl/ 1 Uq-u 

~ 2^ 


1 Uq.^ 


3 t/n 


+ - —SAo--.aO-M - -- 


1 U, 


2^3/2 4 ^^5/2 2a3/2 

1 f/i 1 Ui 

a 


a 


\11V 


-L J- 1/9n 

Concerning the derivatives of [/q and Lfi up to the required order: 


Uq-^,u = UOab + M0a6;i.Cr’“o-’^ 


- MoafecO-’^cr’^cr’''^ + C>(cr) ; 


(3.84) 


Uo-f, = MOabCr’“cr’V + ^ («0ab;/.cr’“cr’'’ - MOabcCr’“cr’V’‘'^) + C>(cr^/^) ; (3.85) 


(3.86) 

(3.87) 

(3.88) 


3.4.2 Attempt to renormalise V^V^G 

At this stage, it is convenient to consider again angular separation of the points in 
spacetime, such that x = (r, r, 0) and x' = {T,r,9), with 9 > 0, for the black hole 
case and similarly for the Minkowski case. 

Hence, we can expand the Synge’s world function and its derivatives in 9, using 
Proposition |1.3.10[ 


— 29§e ^ + ^eeee ^ ^ 


Tm = 


9^9^ + {^^999, II + ^'^999ii) 

+ {^9999,11 + ^^9990ii) ^ + ^(0 ) , 

= 9t^i^ + \^^99{ii,u) ~ ^iiiy99\ + ^^9ituJ ^ 


(3.89) 


(3.90) 


[ ^999,111^ Iii'9e9,\ ^^99{iL,iy) iiv'^99\ ^ i 


cr. 




900,flu 
4^ 


liv^000,\ 


000(fi,u) 


OOflD 


^^ltu^99e\ + ‘^^^9999pLV ] ^ 


0{9^) . 


(3.91) 













CHAPTER 3. RENORMALISED LOCAL OBSERVABLES 


113 


Using the above expressions, one obtains that, for angnlar separation. 




1 V (SrSMf 1 


327r 3/2 ^~ + ^(^ ) • 

C7C7 


(3.92) 


Some remarks: 


1. As expected, V^VgCnad is more divergent at the coincidence limit, having a 
leading divergent term which goes as 6~^, than Gnad, which only has a term 


that goes as 6^ cf. (3.47) 


2. Note, however, that the term that goes as 6 ^ is essentially of the same form as 
the term of Gnad that goes as 6~^ and, hence, the identihcation (3.49) made to 


renormalise the vacnnm polarisation is snfficient to snbtract the leading term 
divergence of V^V^G. 


3. It is easy to verify, however, that with the identihcation (3.49) in place, the 
term in 6~^ cannot be snbtracted by the corresponding Minkowski term, i.e. 

V^V^G{x,x') - 

still retains a term of order 6~^ when expanded in 6. One possible workaronnd 
is to perform the following snbtraction instead, 

A,-,-G(a;,a;') := V^V^G{x,V) - -aG^^,{x,V ), (3.93) 

where a is a fnnction of r to be specihed snch that the term of order 6~^ is 
cancelled. 

At this stage it remains to hnd a choice of the parameters of the Minkowski’s 


Green’s distribntion snch that the mode snms in (3.93) are convergent, if snch a 


choice exists. If G(x, x') is written as in (3.41), then 


V,-V0G(x,x') = a|G(x,x') - TlMxG{x,V) 


oo oo 

E E (3,94) 


k = — OQ 


n=—oo 
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and similarly for the Minkowski Green’s distribntion. Hence, 

OO OO 

AggG{x,x')= --f-^G^,,{p,p)] 

k=—oo n=—QO 

- rg^ S.G™(r, + 7-' Ttg 9„G“ (ft p') ^ 

-aG“(ftp)} , . 

J p=p(r) 

Some extra remarks: 


p'=p 


(3.95) 


4. Note that the hrst line of (3.95) can be made convergent in the coincidence 


limit if we £x the parameters of the Minkowski’s Green’s distribntion as in 


(3.60), by Theorem 3.3.1 Hence, the hxing made to renormalise the vacnnm 


polarisation also applies to the hrst line of (3.95). 


5. To check the convergence of the remaining terms, we need the asymptotic 
expansion of OrG^ir, r')\ri=r and 9pG^^(p, p')|p/=p for large valnes of n and k. 
In Appendix Proposition B.0.4 shows that 


GnkiO ■■= Cnk 


,2 


de 




has the asymptotic expansion for large valnes of Xnk 

SUiO = G + o(x„1). 


2 Sx'’ 


(3.96) 


(3.97) 


nk 


For onr case of interest, plays the role of the radial partial derivative of 
the radial part of the Green’s distribntions, given by 


drGnkir,r')\r'=r = Gnk ^^''^^^\ nkir) , 

dr 


(3.98) 


whereas 0)^^ and 0^;. correspond to pnk and qnk for both the black hole and 
Minkowski spacetimes. 

Let’s focns for a moment on the (x^fc(0)V(8Xnfc(0) term of the asymptotic 
expansion for the rotating black hole case. Using ( |3.56[ ), 

<9? ixlkiO) ^ (xL(^)) 




^Xlki^) 


(3.99) 
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Recall that Xnk is defined by (3.57), 


Xnk — dee , 


(3.100) 


and hence we can write 

'xL - NV 


Sr (xlt) = drOU 


9§§ 

xik + (driN' 


^r9eC.2 liar at2\ 


9ee 


+ 2igggdrN^k 

r 2 ^r90e 


eu iXlk-N^k- , 


9ee 


+ dr{N^)D 




e + 2i^i,drN’kJxlar - NV- 


(3.101) 


and 

dr ixlk) _ dr9g§ 1 


xlk 


9b 0 Xnk 


+ dr{N^) - N' 


2 dr9e0 


900 


xlk xlk 


Similarly, for the Minkowski case, using (3.63), 

s, ((xtl)") 


(X: 


nk) 


2 1 
PXnk 


2 k^ 


P(x: 


(3.102) 


(3.103) 


nk/ 


The double sum in (3.95) will be convergent in the coincidence limit if we are 


able to match all the terms in (3.102) and the constant term in (3.97) to similar 


terms coming from the Minkowski summand. However, by comparing (3.102) and 


(3.103), it is clear that there is no term on the Minkowski side that can cancel the 


third term in the RHS of (3.102), i.e. there is no term in the asymptotic expansions 


of the Minkowski terms for large xHk which goes as 


\/(x 


nk) 


k^ 


(x: 


nk) 


This comes down to the existence of drN^ in the third term in the RHS of (3.102), 
as we alluded in Remark 13.4.11 

In conclusion, our method to renormalise local observables by subtracting the 
short-distance divergences of the rotating black hole Green’s distribution and its 
derivatives using the Minkowski spacetime Green’s distribution does not work if 
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the computation of these local observables involves radial derivatives of the metric 
components, in particular if it involves terms containing drN^, given that the shift 
function for the Minkowski metric components in rotating coordinates does not de¬ 
pend on the radial coordinate. Therefore, this method is suitable to renormalise 
local observables such as (<h^(a;)), which do not involve derivatives of the metric 
components. In the particular case of static spacetimes, in which there is a coordi¬ 
nate system such that the shift function vanishes, this method is still applicable for 
the renormalisation of the stress-energy tensor. 



Part II 
Application 
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Chapter 4 


Warped AdSa black holes 

In this chapter it is our aim to introduce the warped AdSs black hole solutions which 
are used as the background spacetimes on which to apply the method described in 
Part I of this thesis. This is one of several possible choices of rotating black hole 
solutions and no particular physical significance is attached to this choice, apart from 
providing a simpler technical arena on which to renormalise the vacuum polarisation 
of a scalar held. Given this mindset, this chapter only exposes the basic ideas of 
(2+l)-dimensional gravity and the warped AdSs solutions which are necessary to 
complete the computation, and does not attempt to give an exhaustive review of the 
research carried out in these topics in the last decades. For the latter, appropriate 
references are given in each section. 

4.1 2+1 gravity and topologically massive gravity 

In this section, we present a brief overview of (2+l)-dimensional classical gravity. 
In particular, we describe Einstein gravity in 2+1 dimensions and emphasise the 
main differences to the theory in 3+1 dimensions, namely the fact that there are no 
propagating degrees of freedom in 2+1 dimensions. We then introduce an extension 
of Einstein gravity, called topologically massive gravity, which has a propagating 
degree of freedom and new interesting solutions, such as the warped AdSs solutions. 
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A standard reference for both the classical and quantum aspects of (2+1)- 


dimensional gravity is 42 , whereas for topologically massive gravity a few signihcant 


references are 46,47,85 


4.1.1 2+1 gravity 

Here, we give a brief description of the main features of general relativity in 2+1 
dimensions. This theory is described by the Einstein-Hilbert action 

‘S'e-h = J (-R ~ 2A) , (4.1) 

where G is Newton’s gravitational constant, g is the determinant of the metric, R 
is the Ricci scalar and A is the cosmological constant. 

A signihcant difference between 2+1 and 3+1 dimensions is the fact that in 2+1 
dimensions the Riemann tensor Rabcd is fully determined by the Ricci tensor Rat, 

Rabcd Qac^bd + QbdRac QbcRad QadRbc ^ ^9o.c9bd 9ad9cd) R ■ (^' 2 ) 

This implies that any vacuum solution has constant curvature, 

Rab = ‘2A9ab- (4.3) 

Therefore, in 2+1 gravity, there are no local degrees of freedom, only possibly global 
degrees of freedom, if the topology of the spacetime is non-trivial (e.g. by performing 
identihcations) |4^ . 

Additionally, if the cosmological constant is zero, there is no length scale in 2+1 
dimensions. To see this, note that GM is dimensionless in 2+1 dimensions. An 
important consequence of this fact is that there cannot be asymptotically hat black 
hole solutions of Einstein gravity, as the Schwarszchild radius would be a multiple 
of GM. If the cosmological constant is not zero, then there is a natural length scale, 
the cosmological length i, given by 


(4.4) 
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Then, in principle, it shonld be possible to find asymptotically AdSa and dSa black 
hole solutions by making identifications in AdSa and dSa. This is indeed the case 


with AdSs, on which specific identifications yield the BTZ black hole solution 32 33 
There are no known asymptotically dSs black hole solutions. 

If we want to use 2+1 gravity as a simpler arena to explore black hole physics, 
we might have gone too far in the simplification. However, there exist extensions 
of (2+l)-dimensional Einstein gravity which restore local degrees of freedom and 
whose dynamics are closer to the physically interesting case of 3+1 dimensions. 
In the following section, we consider one of such extensions, topologically massive 
gravity. 


4.1.2 Topologically massive gravity 


We now consider a deformation of (2+l)-dimensional Einstein gravity called topo¬ 
logically massive gravity (hereby denoted TMG), which is obtained by adding a 
gravitational Chern-Simons term to the Einstein-Hilbert action with a negative cos¬ 
mological constant 46,47,86-88 . The Chern-Simons term creates a propagating. 


massive, spin 2 degree of freedom. In this sense, it is closer in spirit to general rela¬ 
tivity in (3+l)-dimensions and can provide useful insight to some of the challenging 
problems of the higher dimensional theory. 

The action of TMG in 2+1 spacetime dimensions is then 


S — Ae-h + 5'c-s , (4.5) 

with 

Se-r = j d^x {R - 2A) , (4.6) 

= 3 ^/. (4.7) 

Here, fi is the Chern-Simons coupling, g is the determinant of the metric, T^^j^ are 
the Christoffel symbols, and is the Levi-Civita tensor in three dimensions. 
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By linearising the action, it can be shown that TMG has a single massive prop¬ 
agating degree of freedom of sqnared mass /i^ 46 . This theory has third time 


derivative dependence, however it is ghost-free and nnitary 46 


A key featnre of TMG is that it retains all of Einstein gravity solntions, inclnding 
AdSs and the BTZ black hole in the case of negative cosmological constant. Nev¬ 
ertheless, there also exist new solntions, snch as the warped AdSa vacnnm solntions 


and warped AdSs black hole solntions 48 -54 , which are introdnced in the next 
section. Similarly to the BTZ solntion, the latter are obtained from the former by 
global identihcations. 


4.2 Warped AdSs solutions 


As noted above, there are non-Einstein solutions to TMG, and the simplest ones 
are the warped AdSs solutions. These solutions are thought to be perturbatively 
stable vacua of TMG in a wide region of the parameter space of the theory, in 


contrast to the AdSs solution 55 . Mathematically, warped AdSs spacetimes are 


Hopf fibrations of AdSs over AdS 2 where the hbre is the real line and the length of 
the hbre is “warped” [^[^[^. This is the Lorentzian version of the warping of 
in the Riemannian setting, in which is warped along the Hopf hbres, which 
form a congruence of linked geodesic circles in S^. In the Lorentzian case, there are 
actually two analogues, since AdSs can be warped along Hopf hbres which may be 
spacelike or timelike (we will only focus on the spacelike case). And, in each case, 
the Hopf hbres can be either “squashed” or “stretched”. 


In the following, we introduce the warped AdSs solutions in Section 4.2.1 and 
the black hole solutions in Section 14.2.21 


4.2.1 Warped AdSs solutions 

Before introducing the warped AdSs solutions, we describe AdSs in an unusual 
coordinate system. 
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AdSa in fibred coordinates 

Definition 4.2.1. Three-dimensional anti-de Sitter AdSs is defined as the surface 

-U^ -V^ + X^ + Y^ = -f , (4.8) 

embedded in the four-dimensional fiat space with metric 

ds^ = -dU^ - dV"^ + dX^ + dY^. (4.9) 

Remark 4.2.2. The topology of AdSs is x with corresponding to timelike 
circles 11“^ +V'^ = constant. The universal covering space is obtained by unwrapping 
S^, which removes the closed timelike circles. 

To analyse the isometry group of AdSs, first note that the independent Killing 
vector fields of are given by 

, P^ = d^, (4.10) 

with = {U, V, X,Y). A general Killing vector field ^ can then be written as 

^ = uj^'^Xud^ + u^df ,, (4.11) 

with In detail, we can identify the spacelike and timelike rotations, 

Juv = ydu — Udv, JxY = Ydx — XOy 1 (4-12) 

the four linearly independent boosts, 

Bjjx = Udx P Xdjj ^ Bjjy = U dy pYdjj ^ etc., (4-13) 

and the four translations, 

Pu = du, Pv = dv, Px = dx, PY = dY. (4.14) 

These Killing vectors are the generators of ISO{2,2), the isometry group of M^’^. 
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The isometry group of AdSa is the subgroup of the isometry of which leaves 


the AdSs surface (4.8) invariant. Of the isometries above, only the translations (4.14) 


do not leave (4.8) invariant, therefore, the isometry group of AdSa is SO(2, 2), which 


is generated by the two rotations (4.12) and the four boosts (4.14). 


The connected component of SO{2,2), SOo(2,2), is the direct product 


SO„(2,2) = SL(2, R)l 0 SL(2, R)r/Z^ . 


(4.15) 


To see this, it is useful to describe AdSa as the group manifold of SL(2,R), 


, 1 H + X V-V , 

SL(2,R) = {A = - \ I ; det(A) = 1. 

v+v u-x 


(4.16) 


The condition det(A) = 1 is invariant under the transformation 


A^ A' = BAC-\ BeSL{2,R)i^, C e SL{2, : 


M • 


(4.17) 


Hence, any element G G 500(2,2) may be identihed with an equivalence class of 
two elements in the direct product 5L(2 ,M)l ® 5L(2,M)r, 

(5,0) ~ (-5,-0). (4.18) 


It is then convenient to group the set of Killing vector helds of AdSs into two 
mutually commuting sets. Dehne the right- and left-invariant Killing vector helds, 
and respectively. 


^0 = 

~2 + Jxy) , 


“2 - Bxy) , 

(4.19) 


“2 - Bvx) , 

ef = 

“2 {Bux + Bvy) , 

(4.20) 

^2 = 

-]^{Bux + Bvy) , 


“2 ^ Bvx) ■ 

(4.21) 


They satisfy 




(4.22) 
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where = 0,1,2 and eou = 1- These vectors helds form bases ^^0 

(^he sections of) T SL{2, M)l and T SL{2, M)r, respectively, constitnting 
the Manrer-Cartan frames (see Chapter 5 of for more details). 

We can also dehne the dnal one-forms 91^ and 0^, snch that 6 *l(^^) = Sj and 
— ^j- These form the Manrer-Cartan co-frames. These one-forms satisfy the 
Manrer-Cartan strnctnre eqnations, 

= (4.23) 

and similarly for 0^. From these eqnations, it follows that the Lie derivatives of 
these one-forms with respect to the Killing vector helds are given by 


C^.ei = di , = eA 0R, = 0 


(4.24) 


For instance. 


C 


= i^.dei + d {et a el) = eA ol , (4.25) 


where = 5^ is the interior prodnct of 9^ with respect to Therefore, 

the dnal one-forms and 9^ are left- and right- invariant, respectively. 

The dnal one-forms allows ns to write an invariant metric for the gronp manifold, 
the Killing metric, given by 


ds^ = ^ T]ij 91^91. 


(4.26) 


At this stage, we introdnce the parametrisation 


U = cosh ( 0 cosh Q j cos j -F sinh sinh Q j sin 


V = cosh ( — j cosh j sin 


smh i j) smh (I) cos (^ 


.Y = cosh ('!) siuh (I) cos Q + siuh (I) cosh Q sin (^ 


Y = cosh ( — j sinh j sin 


smh 11) cosh (I) cos (^ 


(4.27) 

(4.28) 

(4.29) 

(4.30) 
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with M, (j G M and r ~ r + dvr. The right-invariant vector helds are 

= — sinh(M)9a- — cosh(M) sech((j)9T- -|- cosh(M) tanh(cr)9„ , (4-31) 

= — cosh(M)c}o- — sinh(M) sech((j)9T- -|- sinh(M) tanh((j)9„ , (4.32) 

^2=du, (4.33) 

the left-invariant helds are 

^o=dr, (4.34) 

= sin(r)9o- — cos(r) taiih{a)dr + cos(r) sech(cr)9u , (4.35) 

^1*' = — cos(r)5o- + sin(r) tanh((T)c?,- -|- sin(r) sech((T)c?„ , (4.36) 

and the left-invariant one-forms are 


6*l = — cosh(n) cosh(cr)dr -|- sinh(M)dcT , (4.37) 

= sinh(M) cosh((T)dr — cosh(M)d(j , (4.38) 

= dn -I- sinh(cT)dr . (4.39) 


The Killing metric is then given by 

ds^ = ^ [~ cosh((T)^ dr^ -|- dcr^ -|- (dn -|- sinh((T) dr)^] . (4.40) 

Unwrapping r G M gives the covering space of AdSs. This is the AdSs metric given 
in fibred coordinates, as it is expressed as a Hopf hbration of the real line over AdS 2 . 

Remark 4.2.3. The metric of AdSs in the standard global coordinates {t,p,(j)) is 

ds^ ~ ^ cosh(p)^ dt^ -|- dp^ -|- sinh^(p) dcffi^ , (4-41) 


with f, p G M and 0 ~ 0 -(- 2ti. 

Remark 4.2.4. The coordinate system (r, a, u) is only one example of a hbred coor¬ 


dinate system, which we use in the following. For other possibilities, see e.g. 52 
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Spacelike warped AdSs 

In order to obtain a warped AdSa spacetime, we mnltiply the fibre in the direction 
of .^2 = du hy a warp factor. The warping can take either the shape of “stretching” 
if the warp factor is positive or “squashing” if the warp factor is negative. Since the 
warping is made in the direction of the spacelike du, we call the resulting spacetime 
spacelike warped AdSa. 


Definition 4.2.5. The spacelike warped AdSs spacetime has metric 

~ _|_ 3 ® ® + ^2 _|_ ® ’ (4.42) 

where v = p£/3. For > 1 we have spacelike stretched AdSs, for < 1 we have 
spacelike squashed AdSs. 


In fibred coordinates (r, cr, m), the metric is 


ds 2 = 


e 


1/2 + 3 


cosh (a) ^ dr^ + da^ + 


4z/2 


z/2 + 3 


(dti + sinh((T) dr)" 


(4.43) 


The isometry group of AdSs, which locally is S'L(2 ,M)l ® S'L( 2 ,M)r, is broken 
by the warping and is only generated by ^2 RRd 4^, i = 0,1,2. Hence, the isometry 
group of spacelike warped AdSs is f^(l)L ® S'L( 2 ,M)r. 

Remark 4.2.6. Both AdSs and spacelike warped AdSs are solutions of TMG, but 
the latter is not a vacuum solution of Einstein gravity in 2+1 dimensions. 


Remark 4.2.7. Besides the spacelike warped AdSs spacetime, there exist also timelike 


and null warped AdSs spacetimes. For more details, see e.g. 52 


4.2.2 Warped AdSa black hole solutions 


Black hole solutions which are asymptotically warped AdSs and do not have CTCs 
have only been found in the spacelike stretched case. The spacelike stretched black 


hole metric in coordinates (t, r, 6 ) is 52 

£2dr2 


ds2 = dP + 


4R{rYN{r) 


+ 2R{rYN%r)dtde + i?(r)"dr , 


(4.44) 











CHAPTER 4. WARPED ADS 3 BLACK HOLES 


127 


with r G (0, cxd), t G (—cxo, cx)), {t, r, 6) ~ (t, r, 6* + 27r) and 


^ 3(z/^ — l)r + (z/^ + 3)(r+ + r_) — 4z/\/r+r_(z/2 + 3) 


N{rY = 
N\r) = 


2 (z/^ + 3)(r — r+)(r — r_) 


4i?(r) 


0 2z/r — ■\/r+r-{y‘^ + 3) 


2 i?(r )2 

We can also write the metric in ADM form as 

£ 2 d ^2 


ds" = -N{rY dP + 


+ RYY {<ie + N\r)dt) . 


(4.45) 

(4.46) 

(4.47) 

(4.48) 


4i?(r)2Ar(r)2 

In the rest of this section, some of the more important featnres of these black 
holes that will be needed in later chapters are briefly described. More details can 
be fonnd in [T 52 . 


1. There are onter and inner horizons at r = r+ and r = r_, respectively, and a 
singnlarity in the cansal strnctnre located at r = fg := max{0 ,ro}, with 

4i^yr+r_(j-2 + 3 ) - + 3)(r+ +r_) 

ro - . (4.49) 

snch that 0 < fo < r_ < r+. The dimensionless constant u = ni/3 is greater 
than nnity for the spacelike stretched black hole and in this context is nsnally 
known as the warp factor. In the limit z/ —>■ 1 the metric rednces to the metric 
of the BTZ black hole in a rotating frame. 

2. In this coordinate system, the vector helds dt and dg are Killing vector helds, 
however, dt is spacelike everywhere in the spacetime. Conseqnently, this black 
hole does not have a stationary limit snrface and its ergoregion extends to 
inhnity. Therefore, no observers follow orbits of dt in the exterior region. 

3. Notwithstanding the previons point, one can still consider observers following 
orbits of the (non Killing) vector held f{r) = dt + D(r) de at a given radins r, 
which is timelike as long as 


D_(r) < f2(r) < D+(r), 


(4.50) 
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with 


f!±(r) = - 


(4.51) 


2i/r — ± \/(r — r+)(r — r_)(z/2 + 3) 

f 2 (r) is negative for all r > r+, approaches zero as r —>■ +cxd, and tends to 

On = - , ^ (4.52) 

2i^r+ — -yr+r_(z/2 + 3) 

as r —)■ r+. In view of this, we can take as the angular velocity of the horizon 
with respect to stationary observers in the limit they approach inhnity. 

One example of such a timelike vector held in the exterior region is 

f{r) = dt-N%r)de. (4.53) 

Observers following orbits of f (r) are known as locally non-rotating observers 
(LNRO) or zero angular momentum observers (ZAMO), since the ^-component 
of the one-form is 


= <70/4^ = Rir^N^r) + R{rf{-N%r)) = 0 . 


(4.54) 


We will further consider these observers in Section 5.1.4 The vector held f{r) 
is a representative of the time-orientation of the exterior region of the spacelike 


stretched black hole, cf. Dehnition 1.1.6 


4. Note that, even though the Killing vector held dt is spacelike in the exterior 


region, t is a time function, in the sense of Dehnition 1.1.19 To see this, let 
77 “ := —'S/°'t. One has that 77 “ is timelike, 

1 


= 


N{r) 


< 0 , 


and is future-directed. 


{-g^^) r = -1 < 0, 


(4.55) 


(4.56) 


where f{r) in (4.53) was used as a representative of the time-orientation of the 


exterior region. Therefore, in this region, t is increasing along worldlines of 
timelike curves and, furthermore, constant-f surfaces are spacelike. 
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5. Similarly to the Kerr spacetime, there is a speed of light surface, beyond which 
an observer cannot co-rotate with the event horizon. It is located at the snrface 
where the Killing vector held which generates the horizon, 

X = dt + Linde, (4.57) 


is nnll. 


r = rc = 


4z/^r+ — + 3)r_ 


(4.58) 


3(z/2 - 1) 

6 . The spacelike stretched black hole can be obtained as the qnotient of spacelike 
stretched AdSs nnder a discrete snbgronp of the isometry gronp, the same way 


the BTZ black hole is a qnotient of AdSs 32,33 . The discrete snbgronp is the 


one generated by the Killing vector de, which in terms of the original hbred 
coordinates (r, a, u) is given by 

^r+r_(z/2 + 3) . L 


de = 


(i/2+ 3)(r+-r_)^j^ ,1/2 + 3 


^2" + 


r + 


e2^ (4.59) 


snch that the identihcation of points x of the spacelike stretched AdSs is 


X ~ exp(27rA de) x , A G Z. 


(4.60) 


Across the spacelike stretched AdSs spacetime, de can be spacelike, nnll or 
timelike. The spacelike stretched black hole is then the region where de is 
spacelike, which is geodesically incomplete. The bonndaries are the snrfaces 
where de is nnll and they correspond to the singnlarity r = fg in the cansal 
structure. The region where de is timelike would have closed timelike curves 


upon the identihcation (4.60). 


Therefore, the spacelike stretched black hole is locally equivalent to spacelike 
stretched AdSs. Another explicit way to see this is by a local coordinate 


transformation from the spacelike stretched AdSs metric (4.43) to the spacelike 
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stretched black hole metric (4.44), 


T = arctan 
z/2 + 3 

u = 


4z/ 
arctan 


+ 3 

—-sinh ' ' 

2 r — r+ — r_ 

2 t + fz/(r+ — r_) — ■\/r 3 .r_(iy^ + 3)) 6* 


r_)6* 


r+ + r_ — 2r 


coth 


r_ 


iy^ + 3 


(r+ — r_)0 


(T = asinh 


2 W(r — r+)(r — r_) , /z/^ + 3 

cosh ' 


2 r — r+ — r_ 


-(r+ — r_)6' 


(4.61a) 


(4.61b) 

(4.61c) 


valid for z/ > 1 and for the non-extremal case r+ > r_ (more details on this 
and the extremal case can be fonnd in Ref. [52]). 


7. Using the standard procednre, the Carter-Penrose diagrams for these black 


hole spacetimes were obtained in Ref. 56 and are shown in Fig. 4.1 We 
see that the cansal strnctnre is very similar to that of asymptotically flat 
spacetimes in 3-1-1 dimensions. Indeed, the diagrams for the cases ro < r_ < r+ 
and ro < r_ = r+ are exactly the same as those for the standard and extreme 
Reissner-Nordstrom black holes, while the one for the case tq = r_ < is 
identical to that for the Krnskal spacetime. For this reason, one may expect 
the behavionr of matter helds on these spacetimes to be qnalitatively similar 
to that on the asymptotically flat ones. 


In the next chapter, we will focus on the case of a spacelike stretched black 
hole for which tq < r_ < r+. 
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Figure 4.1: Carter-Penrose diagrams of the spacelike stretched black hole spacetime for 
different values of ro, r_, and r_|_. 



Chapter 5 


Classical linear mode stability of 
the WAdSs black holes 


In this chapter, it is demonstrated that the warped AdSa black hole solutions in¬ 
troduced in the previous chapter are classically stable against massive scalar held 
mode perturbations, even when the black hole is enclosed by a stationary timelike 
boundary with Dirichlet boundary conditions. Namely, it is shown that even though 
classical superradiance is present it does not give rise to superradiant instabilities. 
This is a surprising result given the similarity between the causal structure of the 
warped AdSa black hole and the Kerr black hole in 3-1-1 dimensions. Having clarihed 
the existence of the classical superradiance and the classical linear mode stability of 
the black hole, we then consider the quantised scalar held in the next chapter. 

5.1 Classical superradiance 

In this section, we start by obtaining the solutions for the Klein-Gordon equation for 
a real massive scalar held on the spacelike stretched black hole, in both closed form 
and in the form of asymptotic approximations near the horizon and inhnity. The 
latter allows us to construct bases for the space of solutions in the exterior region. 
Finally, we use these constructions to discuss the existence of classical superradiance. 


132 
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5.1.1 Klein-Gordon field equation 


A real massive scalar field $ on the background of a spacelike stretched black hole, 


whose metric is (4.44), satishes the Klein-Gordon equation (2.2), 


(V^ 


rrin 


?fl)4> = 0, 


(5.1) 


where rriQ is the mass of the held, R is the Ricci scalar and ^ is the curvature 
coupling parameter. For the spacelike stretched black hole, the Ricci scalar is a 


constant, R = + 3) -|- (z/^ — 3)/£^, so (5.1) can be rewritten as 


(V^ — m^) $ = 0 , 


(5.2) 


where rrR := tuq -|- is the “effective squared mass” of the scalar held. 

Since dt and dg are Killing vector helds of the spacetime, one considers mode 


solutions of (5.2) of the form 


^ukit,r,e) = e 






(5.3) 


where a; G M and fc G Z. 

Remark 5.1.1. Since the Killing vector held dt is not timelike anywhere in the exterior 
region of black hole, the parameter u cannot be strictly regarded as a “frequency” in 


the usual sense. We will come back to this detail in section [5. 1.4[ but for simplicity 
we sometimes refer to u as the “frequency”. 


Using (5.3) and (4.44), the radial equation can be easily obtained, 

+ m^R^)] 0^^ = 0 . (5.4) 

By performing the rescalings r ^ ri, t ^ ti, m ^ m/i, and u —>■ u/l, one can set 
£ = 1, as is assumed from now on. 

In this (2-|-l)-dimensional setting, it is possible to write the general solution to 
the radial equation in closed form. Introducing a new radial coordinate 

r — r+ 


2; = 


r — r_ 


(5.5) 
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the general real solution can be written as 

(j^iokiz) = A^k ^"(1 - z)^F{a, b; c; z) + B^k - zyF{a, b; c; z) , (5.6) 

where Ai_jk and B^k are constants, F{a,b;c]z) := 2 Fi{a,b;c; z) is the Gaussian hy- 
pergeometric function (see Appendix]^ and its parameters are given by 

a = Q! + /3 + 7, 6 = q; + /3 —7 , c = 2a + l, (5.7) 

where 

— ^Jr+T-iy'^ + 3) 


a = 


+ 3)(r+ — r_) 


„ 1 . 73 ( 1/2 _ 1 ) 


7 = —lUJ- 


2vr_ — + 3) 

(i/2 + 3)(r+ - r_) 


and 


Cj± ■.= uj + kN^{r ±), w := 


(z/2 + 3)2 


1 + 


4m2 




(5.8a) 

(5.8b) 

(5.8c) 

(5.9) 


12(i/2-l)\^ z/2 + 3. 

This exact solution will be useful for the stability analysis below. To discuss 
the existence of classical superradiance, it will be sufficient to consider asymptotic 
approximations near the horizon and infinity, as is done in the next subsection. 


5.1.2 Asymptotic mode solutions 

In order to construct convenient bases of mode solutions, the asymptotic approxima¬ 
tions near the horizon and infinity are obtained by rewriting the radial field equation 
as a Schrodinger-like equation. To do that, the first step is to derive the effective 
potential seen by the scalar field. Define the tortoise coordinate r* by 

which maps (r+,cx)) to (—cx), cx)) for i/ > 1 and to (—cx,r*), where f* is a finite 
value, for u = 1. Introduce the new radial function 


(5.11) 
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Figure 5.1: Effective potential K;fc(r) for selected values of with r+ = 5, r_ = 2.5, 
= 1.2, a; = 5 and k = —1. For smaller values of m? (or larger values of uj) the potential 
has a local maximum near the horizon, around which a potential barrier stands. As one 
considers fields with larger m? (or smaller ui), the potential barrier eventnally disappears. 


The radial field equation (5.4) can then be written in a Schrodinger-like form 


(^ + - n.t(r)) I = 0, 


(5.12) 


with: 


V^k := u^-{oj + kNy + 2N'^ I RN^^ + ^ ) +^R 




fdR\ 


dr 2 


\ dr / 


AR diV 

dr dr 


2 , ky 


+ ArMm^ + -1 . 


(5.13) 


The function Vyr) can hence be regarded as the effective potential experienced by 
the scalar field of effective squared mass m^, frequency uj, and angular momentum 


number k. Figure 5.1 shows the form of K;fc(r) for selected values of nP. 


Remark 5.1.2. Similarly to what happens in the Kerr spacetime [^, Vujk{r) depends 
on the frequency oj of the scalar field (when /c 7 ^ 0 ). Also, V^kff) —t +cxd as r —)■ +cxd 
and z/ —)■ 1, as expected for the BTZ black hole. 
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One can now find the asymptotic solutions of (5.12) near the horizon and near 


inhnity by analysing the behaviour of the effective potential in those regions. 


1. In the near-horizon limit, 


Vut(r) - -» , r -> r+ , 


(5.14) 


where 

u := u + fciV®(r+) =00 — kVt'j-i. (5.15) 

Thus, the solution near the horizon is of the form 

• (5.16) 

Modes of the form are outgoing from the past event horizon, while modes 
of the form are ingoing to the future event horizon. 


2 . At inhnity. 


Vt(i')-> w);, r-»oo, 


(5.17) 


where 

1 z/^ -|- 3 I ArrP 

Two cases need now to be distinguished. 


(5.18) 


(a) In the case |a;| > oom-, the asymptotic solution is of the form 

= C'.fc 6“^^* + , (5.19) 

where 

, a; > > 0 , 

(5.20) 

When cj > 0, modes of the form correspond to outgoing hux at 
inhnity, while the modes of the form correspond to incoming hux 

at inhnity, and vice versa when ca < 0. 
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(b) In the case |a;| < ojm, the asymptotic solutions are 


= E^k e“'’* + F^k e" 


(5.21) 


where 


zu = 


\/< 




(5.22) 


0 < o; < Um , 

-sJuSi, - a;2 , 

To exclude the solution that diverges exponentially at infinity, impose 
that E^k = 0 when 0 < a; < ojm and F^k = 0 when —Um < u < 0. 


Remark 5.1.3. The behaviour of the effective potential at infinity given by (5.17) 


contrasts with that in asymptotically fiat spacetimes such as Kerr, where the effective 
potential tends to m? at infinity 90 , and with asymptotically AdS spacetimes such 


as the BTZ or Kerr-AdS, where the effective potential grows without bound at 
infinity 91 . It is assumed that the asymptotic value of at infinity, o;^, is non¬ 


negative and, by (5.18), this implies that may be negative provided it satisfies 


^2 ^ consistency check, in the BTZ limit z/ —)■ 1 this inequality reduces 


to the Breitenlohner-Freedman bound for AdSs spacetimes > — 1 92 


Remark 5.1.4. The interpretation of the modes in (5.19) corresponding to incoming 


and outgoing flux at infinity can be explained by calculating the radial flux f of the 
field mode 0^^ at infinity. 


j = -I g [ 




, d0^/j \ 


The result turns out to be 


f = 40 {\C^k\^ - \D^k\^) , 


r —>■ -l-cxD . 


(5.23) 


(5.24) 


Since a positive (negative) radial flux at infinity corresponds to outgoing (incoming) 
flux, the interpretation above follows. 

Remark 5.1.5. Note that so far no choice of “positive frequency” has been made, 
for instance, by taking a; > 0. We will return to this point when discussing the 


existence of superradiance in Section 5.1.4 
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5.1.3 Basis of mode solutions 


Using the asymptotic mode solutions described above, one can construct a basis of 
mode solutions. Two particular basis modes will be of particular importance in the 
following, the “in” and “up” modes, which are specihed by the boundary conditions 
they obey at the event horizon and at inhnity. These modes are dehned in analogy 


with the Kerr spacetime 26,93 . We will also dehne the so-called “bound state” 


modes for the case I a; I < Uri 


Definition 5.1.6. For |a;| > Um, the in modes are mode solutions of (5.12) of the 


form (5.3) which satisfy the boundary conditions 




^Ljk * 


r* —)■ —cx), 


(5.25) 


, r* ^ +CX) , 

whereas the up modes are the ones which satisfy 






^up 

,u 


Luk 


r* -)■ -CX), 

r* —)■ -Foo . 


(5.26) 


In the case in which |ci;| < ojm, the bound state modes are the mode solutions which 
satisfy the boundary conditions 




4bs iuiTt obs p-iuiTt 


(5.27) 


r, -» +0O. 

Remark 5.1.7. The in modes correspond to flux coming from inhnity which is par¬ 
tially rehected back to inhnity and partially absorbed by the black hole. The up 
modes correspond to hux coming from the black hole which is partially rehected 


back to the black hole and partially sent to inhnity. This is represented in Fig. 5.2 


The bound state modes are localised near the event horizon and exponentially decay 
as inhnity is approached. 

An immediate but important property relating the A, B and C coefficients in 


(5.25), (5.26) and (5.27) is given in the following lemma. 











CHAPTER 5. CLASSICAL LINEAR MODE STABILITY 


139 




Figure 5.2; In and up modes in the exterior region of the spacetime. 


Lemma 5.1.8. The coefficients in (5.25), (5.26) and (5.27) satisfy 


l-SSil'" = (1 - IClP) , {j(l-\BZ?)^C,\CZ\\ = (5,28) 

Proof. The expressions relating the coefficients for each type of mode solntion follow 
straightforwardly from the observation that, given any two linearly independent 


solntions (pi(r*) and y:> 2 {rCj of (5.12), their Wronskian is independent of r*, i.e., 

(5.29) 


W{ipi,ip 2 ) '■= ~ ~ constant. 


dr* dr* 

By comparing the Wronskians at the horizon and at inhnity, the relations follow. □ 


5.1.4 Existence of classical superradiance 

In Appendix a brief overview of the classical snperradiance phenomenon on black 
holes is given. In short, a given mode solntion coming from either inhnity or the 
horizon is called superradiant if, after it gets rehected in the neighbonrhood of the 
event horizon, its amplitnde is increased. The snperradiant natnre of a given mode 
depends on its type and on its freqnency, as formnlated in the next proposition. 

Proposition 5.1.9. In and up modes of a given frequency u are superradiant if and 
only if uu < 0. Bound state modes are never superradiant. 
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Proof. An in mode is superradiant if it is reflected back to infinity with a greater 


amplitude than the original one, i.e. if \Cffff\ > 1. Using Lemma 5.1.8, this occurs 
when CjCj < 0. 

Similarly, an up mode is superradiant if it is reflected back to the horizon with a 


greater amplitude than the original one, i.e. if > 1. Using Lemma 5.1.8, this 


also occurs when CjCj < 0. 

Finally, for a bound state mode, = \B^l.\ implies that all flux coming from 
the horizon is reflected back. Consequently, the mode is not superradiant. □ 


Proposition 5.1.9 gives the condition that a given mode solution of frequency u 
needs to satisfy in order to be superradiant. It remains to verify if that condition 
can actually be fulhlled. 

At this point, one needs to discuss the notion of positive frequency, as described 


in detail in Section 2.2.1 The question of positive frequency becomes subtle for 


spacetimes which do not have a globally timelike Killing vector field, as we have 
seen, and in practice one needs to decide the location of a locally non-rotating 
observer with respect to whom only positive frequency modes are observed. 

First, we define these locally non-rotating observers, who we have briefly men¬ 


tioned in point 3 of Section 4.2.2 


Definition 5.1.10. An observer in the exterior region of the black hole is a locally 
non-rotating observer (LNRO) if its radial coordinate r is fixed and it has zero 
angular momentum, i.e. = 0, where is the future-directed unit 

vector tangent to the observer worldline. 


Remark 5.1.11. Locally non-rotating observers are also known as zero angular mo¬ 
mentum observers (ZAMO) in the literature. 

Proposition 5.1.12. A LNRO in the exterior region of the spacelike stretched black 
hole follows orbits of the vector field f(r) := dt — N^{r) de, which is timelike every¬ 
where in the exterior region and is perpendicular to constant-t surfaces. 
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Proof. Given that the coordinate r is hxed, = 0. The other components are 


n* = ut, ut. 


(5.30) 


Hence, a vector held proportional to is 


et 


dt + ^ de = dt- def . 

gtt 

Therefore, a LNRO follows orbits of This vector held is timelike as r2(r) 


satishes (4.50) for all r > r+. Fnrthermore, we have that = 0 and 


(5.31) 

-N^ir) 


it = 9t,e = gtt + gte{-N^) = -N^ , (5.32) 

ie = ge^ii^ = get + gee{—N^) = geeN^ + gee{—N^) = 0 , (5.33) 

thus, oc {dt)a, which shows that is perpendicular to constant-t surfaces. □ 


Remark 5.1.13. Note that r2(r) = —N^(r) is such that G(r+) = and r2(r) —0 


as r —>■ oo, as we have seen in point 3 of Section 4.2.2 


Given these remarks, one now considers two new coordinate charts and conve¬ 
nient timelike Killing vector helds in each of them, near the event horizon and near 
spatial inhnity, respectively. 


1. Gonsider the open set := {r_|_ < r < r'}, for some r' < (the location of 


the speed-of-light surface, cf. point 5 of Section 4.2.2). The Killing vector held 


:= X = 9t + f!« de 


(5.34) 


(the horizon generator) is clearly timelike in iV-^. In this set, consider the 
coordinate system (t,r,9) such that = in- It follows that i = t and 9 = 
9 — Tint. Furthermore, for a mode solution of frequency cn. 


d ~ ~ _ ~ ~ 

r, 9) = -iu <ha;fc(t, r, 9 ), 
ot 


(5.35) 


where u = u — kLln (cf. (5.15)). This is just the co-rotating coordinate system 


introduced in Section 13.1.11 








CHAPTER 5. CLASSICAL LINEAR MODE STABILITY 


142 


2. Fix r = r*, which can be taken to be very large, so that r* 3> r+. Define the 
Killing vector field 


dt + Llifdg, 


(5.36) 


with D* := —iV^(r*). There exists a small enongh neighbonrhood iV* of r = r* 
such that is timelike in N^, since the spacetime is locally stationary. In this 
neighbourhood, consider a new coordinate system (t*, r, 6**), such that dt^ = 

It follows that = t and 9^ = 9 — LlR. Furthermore, for a mode solution 
of frequency cu, 

d 

^*) = r, 9 ^), (5.37) 

where 


ca* := cj — . 


(5.38) 


Remark 5.1.14. The idea behind the definition of the Killing vector field is the fact 
that one cannot use the everywhere spacelike Killing vector field dt to define positive 
frequency modes in a neighbourhood of spatial infinity. For the purpose of checking 
the existence of superradiant modes, it is enough to consider a neighbourhood of 
r = r*, which can be taken to be as far from the black hole as desired. 


We now have all the necessary ingredients to pick appropriate notions of positive 
frequency near the event horizon and near spatial infinity. We adopt the terminology 


of Ref. 26 concerning “near-horizon” and “distant” observers. 


1. For the up modes, one chooses to have positive frequency as measured by a 
LNRO close to the horizon (the ‘near-horizon observer’ viewpoint), i.e. positive 
frequency is defined with respect to t, which requires a; > 0. 

2. For the in modes, one chooses to have positive frequency as measured by 
a LNRO near spatial infinity (the ‘distant observer’ viewpoint), i.e. positive 
frequency is defined with respect to t*, which requires ca* > 0. If Um > 0, one 
must additionally have u > Um for the in mode to exist, so that the positive 
frequency condition altogether is ca* > Um- 
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The main conclusion of this section, expressed in the following theorem, is that 
classical superradiance is present in the spacelike stretched black hole. 


Theorem 5.1.15. Superradiant mode solutions exist for a massive scalar field on 
the background of a spacelike stretched black hole. 


Proof. Proposition |5.1.9] states that up and in modes of frequency u are superradiant 
if uCj < 0. We check that this condition is indeed possible for each mode. 


1. An up mode has a) > 0, as measured by a LNRO near the horizon. Therefore, 
the mode is superradiant if and only if a) < 0. This occurs when oj < —oJm- 

2. An in mode has ca* > Um, as measured by a LNRO near spatial inhnity, which 
is equivalent to a; > Um + kQ^. This condition does not £x the sign of u, so 
there are two cases to consider. 


(i) In the case u > ujm, the condition Cjuj < 0 is equivalent to 

Ujn + kLl^ < OJ < kVL-}i , (5.39) 

with /c < 0. 

(ii) In the case oj < —ojmi the condition ojoj < 0 cannot be satished unless 
k > 2a;m/|0*|, in which case it is equivalent to 

kVt'^ < OJ < —OJm ■ (5.40) 


When either (5.39) or (5.40) is satisfied, the in mode is superradiant. 


Hence, with the above choice of viewpoints, there can be superradiant mode 
solutions for a massive scalar held on a spacelike stretched black hole. (Note that 
with the above choice the modes have positive Klein-Gordon norm.) Since the in 
and up modes constitute a basis with which any solution of the scalar held equation 
can be expressed at any point in the exterior region of the spacetime, it can be 
concluded that classical superradiance is present in this spacetime. □ 
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Remark 5.1.16. Note that the parameter can be made arbitrarily small by fixing 
the location of the LNRO near spatial infinity to have arbitrarily large radial coor¬ 
dinate. If there was a Killing vector field which was timelike in a neighbonrhood 
of spatial infinity (i.e. for r > r" for some r" > r_|_), then the limit r* —)■ oo conld 
be taken (sending the LNRO to infinity) and the familiar snperradiance condition 
cjm < oj < kCty^ wonld be recovered [^. 


Remark 5.1.17. As stated in Proposition 5.1.9 the bonnd state modes cannot be 
snperradiant. Therefore, in the freqnency range |a;| < Um there are no snperradiant 
modes. This is similar to the sitnation with the BTZ black hole when reflective 


bonndary conditions are imposed 95 


This resnlt is in agreement with the expectation that the behavionr of the field 
modes should be similar to the Kerr spacetime case, given the similar causal struc¬ 
ture and boundary conditions that we imposed. It is also interesting to note that 
the situation is significantly different for the Kerr-AdS spacetime, where classical 


snperradiance is not inevitable 91 


5.2 Quasinormal and bound state modes and clas¬ 
sical linear mode stability 

In this section, we find the quasinormal and bound state scalar field modes and use 
the results to discuss the classical linear mode stability of the black hole solutions. 


5.2.1 Quasinormal and bound state modes 

Suppose that a spacelike stretched black hole is perturbed by a massive scalar field 
propagating in the spacetime. Once the black hole is perturbed it responds by 
releasing gravitational and scalar waves in the form of characteristic quasinormal 
modes of discrete complex frequencies (for recent reviews on quasinormal modes see 


96,^). For a stable black hole the quasinormal modes are exponentially decaying 
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in time; conversely, if any of the modes are increasing in time, the black hole is 
unstable. Moreover, as seen in the previous section, there can be superradiant 
modes in this spacetime. If any of these superradiant modes are localised near the 
event horizon in the form of bound state modes (possibly due to a potential well in 
the effective potential felt by the scalar held), the repeated amplitude increases due 
to rehections on the walls of the potential well lead to the so-called superradiant 


instabilities 98 -104 


The quasinormal and bound state modes are dehned by appropriate boundary 
conditions at the horizon and at inhnity. Since the system under consideration 
is classical, there must be no hux from the horizon, and thus one imposes that 
only ingoing modes are present. Furthermore, no perturbations coming in from 
inhnity should be allowed, and hence it is required that the quasinormal modes 
obey outgoing boundary conditions at inhnity. As for the bound state modes, since 
they are localized in the vicinity of the black hole, one imposes that they decrease 
exponentially at inhnity. 

These ideas can be formalised in the following two dehnitions. 

Definition 5.2.1. A quasinormal mode is a mode solution of the held equation 


(5.12) of the form (5.3) with the following boundary conditions: 


1. only ingoing modes at the horizon, cf. (5.16), 


a; A: 


r* —)■ —oo ; 


(5.41) 


2. outgoing modes at spatial inhnity, cf. (5.19), 


~ e*' 


r* —)■ oo , 


(5.42) 


Definition 5.2.2. A bound state mode is a mode solution of the held equation 


(5.12) of the form (5.3) with the following boundary conditions: 


1. only ingoing modes at the horizon, cf. (5.16), 


T^k{rC) ~ e” 


r* —)■ —oo ; 


(5.43) 
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2. exponentially decreasing modes at spatial infinity, cf. (5.21), 


Tuik (t * 


r* -)■ cx). 


(5.44) 


These bonndary conditions on field modes with an time dependence restrict 
the allowed freqnencies a; to a discrete set of complex valnes. The real part of oj 
represents the physical freqnency of the oscillation, whereas the imaginary part gives 
the decay (or growth) in time of the mode. This occnrs becanse the field can escape 
to the black hole or to infinity. One is then faced with an eigenvalne problem in 
which the quasinormal or the bound state modes are the eigenmodes. By obtaining 
the eigenfrequencies the stability of a given mode can be inferred by the sign of the 
imaginary part: if the imaginary part is negative then the mode decays in time and 
does not create an instability. 

Contrary to higher dimensional black hole spacetimes, one does not have to 


resort to numerical methods, since an analytical expression for the field modes (5.6) 
is available, to which the above boundary conditions can be applied. 


Proposition 5.2.3. The eigenfrequencies for the quasinormal and bound state modes 
are given as follows. The “right frequencies” (a;±)i^^ are given by 

_ 1 ) {-d^ + * (n + 1)) ± r{e - *sgn(fc)/)} . 

(5.45) 

where 

1 


d = 


r+ — r_ 


6 = 2z/(r+ + r_) — 2\J (z/^ + 3)r+r_ , 


e = 


a/WTf^ + e 


f = 


WWTf^-e 


4 V jy^ + 3 


- 3(z/2 - 1) 


1 / 4m^ \ / Akd 

4 1^2 + 3 ) + U 2 + 3 


(5.46) 

(5.47) 
2 


— n H— 

' 2 


F = —3(z/ — 1) n + - 


1 \ %kd 


2 1/2 + 3 


(5.48) 

(5.49) 
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The “left frequencies” are given by 




(5.50) 


In the expressions above, the “+ solutions” correspond to the quasinormal eigenfre- 
quencies, whereas the solutions” correspond to the bound state eigen frequencies. 
Each of the modes has two types of eigen frequencies, which are denoted by “right” 
and “left” frequencies, respectively. 


Remark 5.2.4. This follows the AdS/CFT-inspired terminology 105 and the nota¬ 


tion here follows closely the notation of Ref. 106 


Proof. We start by imposing the boundary conditions which define each of these 


types of mode solutions. By imposing the ingoing boundary condition (5.41) and 


(5.43) at the horizon, one is left with 


- z fF(a,b,c;z). 


(5.51) 


In order to impose the boundary condition at infinity, one uses the transformation 
formula (C.7) of Appendix [C| resulting in 


r(c) Z 


{l-z) 


p r(c — a — b) 
r(c — a)r(c — b) 


F{a, b; a + b — c + 1; 1 — z) 


-f (1 — zY ^ F(c — a, c — b] c — a — b + 1] 1 — z) 


r(a)r(6) 


(5.52) 


Note that at inhnity. 


(1 - zf ~ = r-^/^e ^”*, (1 - zf ~ ^ ^5 53 ^ 


h ^ _ -1/2 -ror* 


cf. (5.20) and (5.22). The frequency u is complex and can be written as cj = u^i+iui. 


One can use the {t, 6) —)■ (—f, —6) symmetry to only consider solutions with cur > 0 
and thus Re[a;] > 0, Re[d7] > 0. 
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For a quasinormal mode, condition (5.42) at infinity implies that the (1 — z)^ 


term in (5.52) must vanish. This happens when 


a = —n or b = —n , 


(5.54) 


where n G No is the overtone number. 


On the other hand, for a bound state mode, condition (5.44) implies that the 


(1 — z)^ term in (5.52) must vanish. This happens when 


c — a = —n or c — b = —n. 


(5.55) 


Since a, 6, and c are functions of oj [from (5.7)], these relations imply that there 
is a discrete set of frequencies {cOn} for which the boundary conditions are satisfied. 


These frequencies are given by (5.45) and (5.50), each corresponding to the two 


possible relations in (5.54) and (5.55) 


□ 


Remark 5.2.5. The “left” frequencies (5.50) have no real part, therefore w in (5.53) 


is real and there are no “left” quasinormal modes (in the sense that they do not 
have the expected outgoing wavelike behavior at infinity). Only the bound state 
solutions are relevant for the “left” modes. 

Remark 5.2.6. Note that, although there is a region of the parameter space for which 


the imaginary part of the “right” quasinormal frequencies (5.45) is positive, it is easy 


to check that in this case either the mode is not outgoing at infinity or it decreases 
exponentially at infinity and hence is not a quasinormal mode. Otherwise, both the 
quasinormal and bound state frequencies have a negative imaginary part. 

Remark 5.2.7. It should also be noted that the bound state modes presented here 


are called quasinormal modes in some of the literature 106 108 . This is due to 


the adoption of different boundary conditions at infinity, motivated by AdS/CFT 


purposes 96,97 . In fact, in the BTZ limit i/ —)■ 1, the bound state frequencies reduce 


to the quasinormal frequencies of the BTZ black hole in a rotating frame 105 


This is expected since the BTZ black hole quasinormal modes must vanish at infinity. 
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5.2.2 Classical linear mode stability 

Before concluding about the stability of the spacelike stretched black hole, we de¬ 
scribe the usual notions of “stability” present in the literature. 


Linear mode, linear and non-linear stability 


At this point, it is useful to clarify what is meant by the “linear mode stability” of 
a black hole. We emphasise that the notion of stability discussed in this section is 
classical in nature, i.e. no quantum effects are taken into account. A good summary 


of these concepts can be found in 110 


We distinguish between three notions of classical stability: 


1. Linear mode stability. In this case, we study individual mode solutions of a 
linear held equation (or the linearisation of a non-linear held equation) and 
not general solutions. For a scalar held on a spacelike stretched black hole, we 


consider mode solutions of the form of (5.3) and say that a mode with hnite 
energy is unstable if Imo; > 0. 

This analysis is possible if the spacetimes involved have enough symmetries 
generated by Killing vectors. In the case of scalar held mode perturbations. 


the mode stability of Schwarszchild was shown in 111 and of Kerr in 112 


2 . Linear stability. Stability of individual modes does not necessarily imply sta¬ 
bility of the superposition of inhnitely many modes. In particular, stability of 
individual modes is not incompatible with general linear perturbations with 
hnite initial energy growing without bound in time. Therefore, to prove lin¬ 
ear stability, we need to hnd bounds for quantities involving the helds (the 
so-called “energy-type quantities”, such as the energy of the held). 


For the case of a scalar held perturbation on Schwarszchild, it was shown 
in 


113,114 that such a bound can be found for general solutions. A similar 


result for Kerr was only obtained very recently 115 
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3. Non-linear stability. In the context of black hole solutions to general relativity 
(or other gravity theory), non-linear stability usually refers to the dynam¬ 
ical stability of those solutions to the Cauchy problem associated with the 
Einstein’s equations. The only currently existent proof is the non-linear sta¬ 


bility of Minkowski spacetime 116 . In the non-linear case, Ending bounds 


for energy-type quantities is not enough to prove stability and we also need 
to find decay bounds, showing that those quantities are bounded by a fixed 
decaying function. This is the only known mechanism for non-linear stability. 

In the following, we are only concerned with linear mode stability of the space- 
like stretched black hole to massive scalar field mode perturbations and we do not 
attempt to prove its full linear stability. 

Mode stability of the spacelike stretched black hole 

Having clarified what is meant by “linear mode stability”, we now verify if the 


spacelike stretched black hole is stable in this sense. By analysing (5.45) and (5.50) 


for the quasinormal and bound state frequencies and taking into account the remarks 
above, one sees that both frequencies have a negative imaginary real part, and 
therefore these modes are classically stable. We have then proved the following 
theorem: 

Theorem 5.2.8. The spacelike stretched black hole is classically stable to massive 
scalar field mode perturbations. 

In particular, there are no superradiant instabilities, even though superradiant 


modes can exist in this spacetime, as it was shown in Theorem 5.1.15 This is related 
to the fact that the effective potential does not have a potential well where 


these superradiant modes could be localized, as illustrated in the plots of Fig. 5.1 


The absence of superradiant instabilities is the main conceptual difference in classical 


scalar field theory between the spacelike stretched black hole and Kerr 99 ^ 104 . 










CHAPTER 5. CLASSICAL LINEAR MODE STABILITY 


151 





(a) Quasinormal frequencies. 

9 10 11 12 13 14 15 16 17 



Figure 5.3: Eigenfrequencies in the complex plane for a spacelike stretched black hole 
with r+ = 5, r_ = 0.5, and v = 1.2 and a scalar held with k = —1 and varying m?. The 
different solid lines represent the eigenfrequencies for different overtone numbers n, and 
the dotted lines are lines of constant m^. 
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In Fig. |5.3 we plot the quasinormal and bound state frequencies in the complex 
plane for varying squared mass For a scalar held with a given there is a 
discrete set of complex eigenfrequencies for both the quasinormal and bound state 
modes at the intersection of the dotted and solid curves. It is clear the discrete 
nature of the allowed frequencies and the fact that their imaginary part is always 
negative. For the quasinormal modes the real part of the frequency increases as we 
consider scalar helds of larger m^, while the imaginary part decreases. The bound 
^2 ^ is a consequence of the constraint on the effective potential at inhnity, as 


noted in Remark l5.1.3l For each overtone number n there is a maximum value of 
beyond which the corresponding quasinormal mode ceases to exist. This behaviour is 

as 


similar to that of a massive scalar held in Schwarzschild and Kerr spacetimes 90 


expected. Finally, the real and imaginary parts of the bound state mode frequencies 
are generally larger in absolute value than those of the quasinormal modes, but no 
growing modes are present. 

5.3 Case with a mirror-like boundary 

As seen above, massive scalar helds propagating in spacelike stretched black holes do 
not give rise to classical instabilities. In particular, there are no superradiant bound 
state modes, as the ehective potential never develops a potential well. We now 
investigate whether these properties persist when a mirror-like, timelike boundary 
is introduced outside the event horizon, as discussed in Section m One reason to 
consider this situation is that a “mirror wall” in the ehective potential might give 
rise to a superradiant “black hole bomb” instability (^, as is shown to happen for a 


massless scalar held in Kerr 99 , even though there are no superradiant instabilities 


when no mirror is present. Another reason is that to treat the quantised scalar 
held, the existence of a speed of light surface implies that there is no well dehned 
Hartle-Hawking state and one way to solve this problem is precisely to add a mirror 


between the horizon and the speed of light surface, as discussed in Section 2.3 
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Suppose then that a timelike boundary A4 is introduced at the radius r = tm, 
such that r+ < tm < oo. We impose Dirichlet boundary conditions at the boundary: 

d)(t, ZM,0) = A^k - ZMfF{a, b, c; zm) = 0, (5.56) 


where zm = ~ ~ i"-): cf. (5.5). The bound state modes now have 

eigenfrequencies determined by 




(5.57) 


Unfortunately, this equation cannot be analytically solved for um, so these eigenfre¬ 
quencies are found numerically, by truncating the hypergeometric series (see Ap¬ 
pendix 0 to the desired accuracy and using Mathematica’s root hnding al¬ 
gorithm. A check on the numerics is done by considering the limit zm —?• 1 
i'l^M +oo)) ill which ojm approaches the previously derived bound state frequency 
U- without the boundary. Then continuity can be used to obtain the eigenfrequen¬ 
cies for any value of zm £ (0,1). 

Even though no explicit expression for the frequencies is available, it is possible 
to obtain a useful piece of information by using the following heuristic argument. On 
the one hand, one can only expect superradiant instabilities if the frequencies of the 


bound state modes are such that (Ur < cf. Eq. (5.39), or, in other words, if their 
wavelengths are A > On the other hand, a mirror at r = r _\4 can only “see” 

these modes if > A > Therefore, superradiant instabilities, if they exist, 

can only occur if the mirror is placed beyond a critical radius which depends on the 
parameters of the spacetime. If one is not able to hnd any instabilities beyond this 
critical radius then one can assert with conhdence that there are no superradiant 
instabilities wherever the timelike boundary is placed. 

In Figs. 5.4| -5.8 we present the results for the real and imaginary parts of the 
“right” eigenfrequencies ujm as functions of the mirror’s position for selected values 
of the parameters. Note that only negative values of k are considered in these 


examples, since, by (5.45), = {oj-)l^\—k), and thus it suffices to consider 

modes with wr > 0 . 
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Figure 5.4: “Right” frequencies as functions of the mirror’s location for selected values of 
and r_, with fixed i' = 1.2, n = 0, k = —1, and m = 0. The real part of the frequency 
is such that wr —)> Re [(a;_)g^^] in (5.45) as zm —)• 1 and wr —)• kO,'^ as zm —)• 0. 
equals 0.2307, 0.1648, and 0.1154 in the cases r+ = 5, r+ = 7, and r+ = 10, respectively. 


The imaginary part of the frequency is such that uji —?■ Im [(a;_)Q^^] in (5.45) as zm —>■ 1 
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Figure 5.5: “Right” frequencies as functions of the mirror’s location for selected values 
of m, with fixed r_|_ = 5, r_ = 0.5, = 1.2, n = 0, and k = —1. The real part of the 

frequency is such that cjr —)• Re [(a;_)Q^^] in (5.45) as zm —>• 1 and wr —)■ /TI-r = 0.2307 
as Zm —)■ 0. The imaginary part of the frequency is such that oji —)• Im [(u;_)q^^] in (5.45) 




















CHAPTER 5. CLASSICAL LINEAR MODE STABILITY 


156 





Figure 5.6: “Right” frequencies as functions of the mirror’s location for selected values of 
v, with hxed r_|_ = 5, r_ = 0.5, n = 0, k = —1, and m = 0. The real part of the frequency 
is such that wr, —)■ Re [(a;_)g^^] in (5.45) as zm —)■ 1 and wr —)■ kP'n as zm —)• 0. kLlq-i 
equals 0.2357, 0.2307, and 0.2260 in the cases v = 1.18, u = 1.2, and v = 1.22, respectively. 
The imaginary part of the frequency is such that oji —)> Im [(a;_)Q^^] in (5.45) as zm 1- 
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Figure 5.7: “Right” frequencies as functions of the mirror’s location for selected values of 
k, with fixed r_|_ = 5, r_ = 0.5, = 1.2, n = 0, and m = 0. The real part of the frequency 

is such that wr —)• Re [(a;_)g^^] in (5.45) as zm 1 and wr —)• kO,'^ as zm 0. 
equals 0.2307 and 0.4615 in the cases k = —1 and k = —2, respectively. The imaginary 
part of the frequency is such that loi —)• Im [(a;_)g^^] in (5.45) as zm —)■ 1. 
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Figure 5.8: “Right” frequencies as functions of the mirror’s location for selected values 
of n, with fixed = 5, r_ = 0.5, v = 1.2, k = —1, and m = 0. The real part of the 
frequency is such that cjr —)• Re in (5.45) as zm 1 and wr —)• kLly, = 0.2307 


as Zm —>• 0. The imaginary part of the frequency is such that cai —)■ Im in (5.45) 
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First, note that the imaginary part of the eigenfrequencies is negative in all the 
presented cases, and therefore no superradiant instabilities are present. This again 
contrasts with the Kerr spacetime surrounded by a mirror, where even a massless 


scalar field has superradiant instabilities 99 


In regard to the size of the black hole, from Fig. 5^ one observes that the real 
part of the frequency generally decreases as the horizon grows, while the imaginary 
part of the frequency increases in absolute value. The dependence on the scalar field 


mass as shown in Fig. |5.5| is more complicated, but it is clear that the imaginary 
part of the frequency also increases in absolute value as the field mass increases. A 
similar conclusion can be drawn from Figs. |5.6 -5.8 concerning the warp factor z/, 
the angular momentum number k (in absolute value), and the overtone number n. 

In order to understand these results, it is useful to keep in mind the effective 


potential picture described in section 5.1.2 Note that in the current situation the 
frequencies take imaginary values, and hence this picture is not entirely accurate. 


Recall that the “right” bound state frequencies (5.45) have a real part that always 
exceeds kfly, and, therefore, there are no superradiant bound state modes when the 
mirror is placed far from the event horizon. As seen previously, this can be explained 
by the fact that the effective potential does not develop a potential well near the 
horizon where the field mode could be trapped. However, as we move the mirror 
closer to the horizon, it is possible that a potential well can be artificially created, 
since the mirror works as an inhnite potential wall. If we place the mirror close to the 
horizon, the real part of the frequency is approximately kfly,, due to the dragging of 
the inertial frames. In the general case in which the mirror is somewhere in between 
the horizon and inhnity, we expect the real part of the frequency to be greater than 
kfly, but smaller than the asymptotic value, with possibly an increasing profile as 
the mirror is moved towards infinity. This expectation is in good agreement with 
the numerical results. We thus conclude that the real part of the “right” frequency 
does not satisfy the superradiant condition irrespective of the mirror’s position in 
the exterior region. 
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One may ask why the mirror does not create an artihcial potential well. The well 
might have been expected to arise in cases where the effective potential has a local 
maximum near the horizon and the mirror is placed close to the horizon. We hnd, 
however, that when the mirror approaches the maximum of the effective potential 
from the right, the real part of the frequency does not decrease quickly enough to 
create superradiant bound state modes. When the mirror is moved even closer to 
the horizon, the real part of the frequency has no other choice but to approach 

The dependence of the imaginary part of the frequency (and consequently the 
decay rate) on the several parameters of the system can be interpreted in the same 
way. If one increases the absolute values of m^, u, k, and n, the effective potential 


is changed in such a way that the local maximum tends to disappear (as in Fig. 5.1) 
and, as a result, the held is more stable. On the other hand, the effective potential 
itself depends on the frequency of the held, and in this case the previous behaviour 
roughly occurs if we decrease the real part of the frequency. 


The analysis for the “left” frequencies (5.50) has some similarities but also some 
signihcant diherences. The dependence of the frequencies on the parameters of the 


system is largely identical, but not on the mirror’s position. As seen in section 5.2.1 


without the mirror the real part of the frequency is zero for the “left” bound state 


frequencies, and so there is no superradiance. As seen in Fig. 5^, when the mirror 
is brought in from inhnity, this situation persists until a critical radius (call it ri) 
beyond which the real part of the frequency sharply increases up to a value which 
is slightly greater than kfl-u (denote by r2 the radius at which cur = kfl-u, such that 
r+ < r 2 < ri). When the mirror is placed at tm e (r 2 ,ri) the bound state mode is 
indeed superradiant, but the imaginary part of the eigenfrequency is still negative. 
Again, this can be understood by analyzing the effective potential, which we recall 
depends on the frequency. The somewhat narrow interval of the mirror’s position in 
which the real part of the frequency satishes the superradiant condition is already 
past the local maximum of the effective potential, when it exists. Therefore, no 
potential well is created and thus no instabilities are present. 
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Figure 5.9: “Left” frequencies as functions of the mirror’s location for r+ = 5, r_ = 0.5, 
v = 1.2, n = 0, k = —1 and m = 0. The real part of the frequency is such that 
clIr —)• Re [(a;_)Q'^^] = 0 as zm 1 and wr, —)• kQ-}{ = 0.2307 as zm 0. The imaginary 


part of the frequency is such that loi —)• Im [(a;_)Q^^] in (5.45) as zm —)• 1. 


5.4 Conclusions on the classical stability 

In this chapter, we have investigated the classical linear mode stability of a mas¬ 
sive scalar field on the background of a warped AdSa black hole. The first main 


result, Theorem 5.1.15 is that classical superradiance is present when physically 


motivated boundary conditions are imposed at infinity; the second main result. 
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cf. Theorem 5.2.8 and numerical results of section |T3 is that the black hole is nev¬ 
ertheless classically stable against the scalar mode perturbations, both with and 
without a stationary mirror in the exterior region. 

Taken together, these results are surprising at a hrst glance, as one might have 
expected the superradiant modes to create instabilities as in the (3-|-l)-dimensional 
Kerr spacetime. It was shown, however, that instabilities are not present, because 
the effective potential never develops a potential well near the horizon where the su¬ 
perradiant modes could be trapped. This stability might be a general characteristic 
of (2-|-l)-dimensional spacetimes, and it is a particularly interesting result as al¬ 
most all of the research to date on the classical stability of black holes has addressed 
spacetimes in four or more dimensions. Compare, for instance, with the results from 


Ref. 100 , in which it was shown that black branes of the type Kerr^ x MP (where 
p G N and Kerr^; is the Kerr black hole if d = 4 or the Myers-Perry black hole (m) 
if d > 4) have superradiant instabilities if d = 4 but not if d > 4. 

Additionally, the analysis in section 5.1| helps to clarify the role of boundary 
conditions in classical superradiance. The in and up modes described in section|5.1.3 


can be superradiant, whatever the choice of positive frequency, similarly to what 
happens in the Kerr spacetime. This differs from the situation in the BTZ and Kerr- 
AdS spacetimes, where superradiance is not present if reflective boundary conditions 
are chosen at inhnity, which are motivated by their asymptotic structure. 

Having addressed the mode stability and the existence of classical superradiance 
for the spacelike stretched black hole, in the following chapter, we return to the quan¬ 
tum theory and address the computation of the renormalised vacuum polarisation. 


as explained in general in Chapter 















Chapter 6 


Computation of ($^(cc)) on a 
WAdSa black hole 


In this chapter, we apply the method described in Chapter to compute the renor¬ 
malised vacuum polarisation of a massive scalar field in the Hartle-Hawking state 
on a spacelike stretched black hole surrounded by a Dirichlet mirror. We present 
numerical results which demonstrate the numerical efficacy of the method. 

This chapter is mostly based on [^. 


6.1 Vacuum polarisation on a WAdSs black hole 


As described in Section 2.2.3 in order to have a well defined, regular, isometry- 
invariant vacuum state (the Hartle-Hawking state) on a spacelike stretched black 
hole, we introduce a boundary Af at a fixed radial coordinate r = in region I 
and a similar boundary Af' in region IV on which we impose Dirichlet boundary 


conditions (see Fig. 6.1). We require that r_A 4 G (r+,rc), where r = is the radial 


location of the speed of light surface, given by (4.58). As before, we denote by I the 


portion of region I from the horizon up to the boundary and by the region IV the 
portion of region IV from the horizon up to the boundary. 

The Hartle-Hawking state is defined in the union of regions I, H, HI and IV, 
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/ \ 

\ r = r_ 


/ \ 

/ \ 



\ / 

\ / 

Figure 6.1: Carter-Penrose diagram of a non-extremal spacelike stretched black hole 
surround by mirrors. 


which we take to be the manifold M of interest. Nevertheless, we are interested 
in computing the renormalised vacuum polarisation in region I, as described in 
Chapter In this region, there is a timelike Killing vector field and we introduce 


the co-rotating coordinate system {t = t, r, 6 = 6 — with given by (4.52), 

such that the timelike Killing vector field is y = (9^ and the metric is given by 


ds^ = -N{ry dP + 


dr^ 


+ R{rf (de+{N%r) + Qy)di 


( 6 . 1 ) 


4i?(r)2Al(r)2 

In the following, we go through the steps of the method described in Chapter 
to renormalise the vacuum polarisation for a massive scalar field. 


6.1.1 Scalar field and the Hartle-Hawking state 

We consider again a real massive scalar held <l> on a spacelike stretched black hole 


which satishes the Klein-Gordon equation (5.2) 


(V^ — rrp) $ = 0 , 


and mode solutions of the form 


*hi,fc(t,r,6') = e 


_ —iuit+ikO 




( 6 . 2 ) 


(6.3) 


where cj G M and k E Z, cf. Eq (3.5). 
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We now repeat the construction of the L and R modes as in Section 3.1.2 


which are modes dehned everywhere in M and, from Proposition |3.1.4[ of positive 
frequency with respect to the affine parameters of the horizons. We take the one- 
particle Hilbert space to consist of the L and R mode solutions and dehne the 
Hartle-Hawking state \H) as the vacuum state of #s(=^), the Fock space associated 
with The Feynman propagator evaluated for the Hartle-Hawking state is 


then dehned as in (2.84). 


6.1.2 Complex Riemannian section 

At this stage, as in Chapterj^ we are faced with the challenge of explicitly computing 


the Feynman propagator as a sum over mode solutions of (2.86). For that, we 


consider the complex Riemannian section of region I of the black hole. 

The complex Riemannian section of a stationary spacetime was dehned in Deh- 
nition 


1.2.6 and its metric for a (2-1-1 )-dimensional rotating black hole was given by 


(3.33). For the spacelike stretched black hole, the metric is 

dr^ 


ds^ = Nirydr^ + 


+ R{ry Ue-i {N%r) + H^)dr 


(6.4) 


4ii(r)2Af(r)2 

where we performed a Wick rotation t = —ir, with r G M. We denote the complex 
Riemannian section of region I of the black hole by This metric is regular at the 
horizon if r is periodic with period 27i/k+, where k+ is the surface gravity, 

(z/2+ 3)(r+-r) 


2 (2z/r+ — 


K+ = 


6.1.3 Green’s distribution 


-(z/ -F 3)(r+ - r_). 


(6.5) 


Next, we hnd the Green’s distribution G associated with the Klein-Gordon equation 


in the complex Riemannian section, which satishes the distributional equation (3.34), 


(V^ — m^) G{x, x') = — ^ ^ —2S{t — r')5(r — r')5{9 — 6 ') 

V 5'(^) 


( 6 . 6 ) 
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As noted before, in the complex Riemannian section there is a nniqne solntion to this 
equation which is regular at the horizon and which satishes the Dirichlet boundary 
conditions at the boundary. 

Given the periodicity conditions of r and 6 , one has 


6{t — t') 
5{e - e') 


iK+n{T-T') 

271 ^ 

n=—oo 

^ 00 

(6.7) 

^ V p^ue-e') 

271 ^ 

( 6 . 8 ) 


k=—oo 


and, if we expand G(x,x') as 


n=—oo k=—oo 


(6.9) 


and use (|6.7|) and (| 6 . 8 |), one obtains a differential equation for Gnk, 

1 


dr V ^ ^ 1 ^ dr J R{rfN{rY _ 


R{rY (k+tt, + ik{N^{r) + G-h))' 


+ N{ry {iC + m^R{ry) 


Gnk{r) = -2S{r-r'), ( 6 . 10 ) 


cf. (3.38). The solutions of this equation may be given as a product of solutions of 


the corresponding homogeneous equation. Using Appendix a pair of independent 
solutions of the homogeneous equation is 


= r (1 - zfF(a, b; c; z), 

^nki^) ~ z'^il - z)^F(a, b;a + b + 1 - c;l - z), 


( 6 . 11 ) 

( 6 . 12 ) 


where we introduce the radial coordinate 

r — r I , , 

z = -, (6.13) 

and where the parameters of the hypergeometric functions are given by 


a = a + /d + 7 , 


6 = a + /d - 7 , 


c — 2 q( T 1, 


(6.14) 
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with 


a = 


\n\ 

T’ 


(6.15a) 


1 , - 1) 7 + 3)= + + (6.15b) 


(6.15c) 


^ 2 ^ 1/2 + 3 y 12(z/2 -i) + s 

2z/r_ - ^r+r_(z/2 + 3) ^ 

^ = (^2 ^ 3 )(^^ _ V 


Our convention for the the branch of the square roots in (6.15) is the one with 
non-negative real part. 

Taking into account the boundary conditions, the regular solution at event hori¬ 
zon, z = 0, is 

Pnk{z) = (j)nk{z) , (6.16) 

whereas the Dirichlet solution near the mirror, = zm, is given by 


Qnkiz) = (^Ikiz) - zfz^<Plk{z) 

^nkOM) 


The radial part of the Green’s function, as in (3.39), is then 

O-nki^ZjZ') C^k Pnk{,Z<^') Qnk(^Z^') , 


(6.17) 


(6.18) 


where ; 2 < := min{^, i^'}, := max{ 2 ;, and Cnk is the normalization constant 


determined by (3.40). For convenience, we rewrite ( |6.9[ ) as 

G(a;,(r') = ^ G„fc(r, r'). 


k=—oo 


Then, Cnk is given by 


Cnk — 


r(a)r(6) 


|n|! r(a + b — |n|) ’ 


(6.19) 


( 6 . 20 ) 


6.1.4 Hadamard renormalisation 

Having computed the Green’s distribution G, it now remains to follow the Hadamard 
renormalisation procedure described in Section |3.3| to subtract its short-distance 
divergences and obtain the renormalised vacuum polarisation, 

($^ 0 :)) = lim [G{x,x') - G-ii^d{x,x')] . 

x'^x 


( 6 . 21 ) 
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where Gnad is the Hadamard singular part, 


GRadix, x') — 


+ Oio^G) . 


( 6 . 22 ) 


4\/27r \/aix, x') 

To do that, we rewrite GHad(a;, x') as a sum over mode solutions for the complex 
Riemannian section of the Minkowski spacetime, plus a term which is hnite when 


the coincidence limit is taken, as given by (3.46) and explained in detail in the text 
after Eq. (3.46) and in Appendix [A} 

For concreteness, assume that the points x and x' are angularly separated, 
i.e. assume that the black hole metric is given in coordinates {T,r,6), whereas 
the Minkowski metric is given in coordinates (r, p, 6*), and let x = (r, r, 0) and 
x' = {T,r,6), with 6 > 0, for the black hole case, and similarly for the Minkowski 
case. 

The Synge’s world function for the black hole is 

a{x, x') = + 0(6^). (6.23) 

and, hence, the Hadamard singular part of the Green’s distribution is 

Guadix, x') = ^ + 0 ( 6 ). (6.24) 

4vr R(^r)9 

For the Minkowski case, the Hadamard singular part is given by 

GS‘.d(i,x') = -!-k + 0(«), (6.25) 

47r pO 

which, using the notation and dehnitions of Appendix can also be expressed as 
the mode sum. 


rji 

GZdix,x')=^ y: 

k=—oo 


Ak6 


T G" (ftp') - G“ ( 1 , 1 ') + O{ 0 ), (6.26) 


At this stage, we set the leading terms of Hadamard singular parts (6.24) and 


( |6.25[ ) to be equal up to a function 7 (r) > 0 by identifying the two radial coordinates 

p(r) = 7 (r)“^ i?(r). (6.27) 


as in (3.49), i.e. 
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Given this identification, we can now write 


G{x,x') - GH!,dix,x') = ^ ^ 

k=—oo n=—oo *- 


Stt^ 


Gnk{r,r) 




27r7(r) 


Gr.(p(r),p(r)) 


+ 7(r)-^G“(a;,a;') + OW. 


(6.28) 


We can now use Theorem 3.3.1 to guarantee that the double sum in the RHS 


of (6.28) is convergent in the coincidence limit 6^ —)■ 0 if the parameters of the 


Minkowski’s Green’s distribution are chosen to be 


^{z) = N{z), Tm = ^, nM = N%z) + nn. 

ZTT 


(6.29) 


We have all the necessary ingredients to compute the renormalised vacuum po¬ 


larisation (6.21). The modes sums need to be computed numerically, as done in the 


next section. 


6.2 Numerical results 


In this section, we present the numerical results for the computation of the renor¬ 
malised vacuum polarisation of the scalar held in the Hartle-Hawking state in region 
I of the spacelike stretched black hole. 


The numerical computation uses expressions (6.28) and (6.21) with the Minkowski 


parameters chosen as in (6.29): 


= E E 

k=—oo n=—oo 




G 


47r2iV(z) vMd’ Niz) 


R(z) R{z) 




A7rN{z) 


—niM 


E 




^7^0 , /{ _ aT-HI 
\/\Tm) ^N^z) 


sinh^ 


2 / QmN 


2Tm 


- 1 - iesgn(GM^) 


(6.30) 


with e —)■ 0-1- indicating the choice of branch of the square root (see details in 
Appendix [A|). 
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zjzM 


Figure 6.2: Vacuum polarization for the scalar field as a function of zjzM for v = 1.2, 
= 15, r_ = 1, r_A 4 = 62 and m = 1. 


As described previously, the sums in (6.30) are convergent. For the numerical 


evaluation of the sums, cutoffs are imposed appropriately. Note that the parameter 
is not hxed and it is chosen in such a way to improve the numerical convergence 
of the double sum over k and n. 

The numerical results for selected values of the parameters are presented in 


Fig. 6.2 In the plot, (<F^(a;)) is shown as a function of the normalized radial co¬ 
ordinate zjzMi where z = (r — r+)/(r — r_). The plot is very similar to the one 


obtained in Ref. 118 for a scalar held in the (3-1-1 )-dimensional Minkowski space- 
time surrounded by a mirror with Dirichlet boundary conditions (note that “rotating 
Minkowski spacetime” is related to “static Minkowski spacetime” by a coordinate 
transformation, hence the results for ($^(a;)) are the same for both cases). 

Furthermore, note that (<h^(a;)) gets arbitrarily large and negative as the mirror 
is approached. This is to be expected, as we imposed that the Green’s function 
G{x^ x') must vanish when x is at the boundary, even when x' —)■ x, whereas the 
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subtraction term still diverges when x' ^ x (see Section 4.3 of for more details). 

We reemphasize that the result shown in Fig. |6.2 is the full renormalized vacuum 
polarization in the Hartle-Hawking state. To hnd the renormalized vacuum polar¬ 
ization in other Hadamard states of interest, such as the Boulware vacuum state, it 
would suffice to use the Hartle-Hawking state as a reference and just to calculate the 
difference, which is hnite without further renormalization. For comparison, we note 
that in Kerr with a mirror the difference of the vacuum polarization in the Boul¬ 
ware and Hartle-Hawking states was found in 


, while the renormalized vacuum 


polarization in the individual states is still unknown. 






Conclusions 


In this thesis we have developed a method to compute a class of renormalised local 
observables which includes the vacuum polarisation for a quantised matter field, in 
a given quantum state, on a rotating black hole spacetime. The rotating black hole 
is surrounded by a Dirichlet mirror, if necessary, such that the resulting exterior 
region possesses a timelike Killing vector field and on which a regular, isometry- 
invariant state for the matter held can be dehned as a result. For simplicity, we 
have focused on the case of a massive scalar held on a (2-|-l)-dimensional rotating 
black hole, but the method can be straightforwardly extended to other types of helds 
and higher-dimensional rotating black holes. 

The main results of this thesis were presented in Chapter Here, we have 
described the steps involved to explicitly renormalise and compute a local observ¬ 
able which is non-linear in the held operators, but which does not involve covariant 
derivatives of the held operators. We implement the renormalisation at the level of 
the Feynman propagator evaluated for the regular, isometry-invariant state, from 
which we subtract the singular, purely geometric part and after which the coinci¬ 
dence limit can be taken. For instance, for a scalar held $, we have seen how the 
renormalised vacuum polarisation can be obtained by a careful use of the formula 



where is the Feynman propagator evaluated for that quantum state and Gnad is 


its Hadamard singular part. This formula summarises the three main steps necessary 
to perform the computation: 
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(i) Expressing x') as a sum over mode solutions of the differential equation 

satisfied by G^. It is advantageous to consider the complex Riemannian sec¬ 
tion of the exterior region of the rotating black hole, on which the Green’s 
distribution associated with the held equation is unique and can be obtained 
using standard techniques of the theory of Green’s functions. We then ana¬ 
lytically continue the result back to the original spacetime, where G^{x,x^) 
is written as a discrete sum over mode solutions. This step was described in 
Section 13.21 

(ii) Expressing GHad(a;, x'), which is known in closed form for any spacetime di¬ 

mension, as a sum over mode solutions, so that the short-distance divergences 
of x') may be subtracted term by term. As we have seen in Section 

we have done this by writing GHad(a^, over mode solutions on the 

complex Riemannian section of Minkowski, for which the Green’s distribution 
is known both in closed form and as a mode sum. We have then succeeded 
in expressing [G^{x,x') — G'Had(a^,a;')] as a mode sum (plus a regular term), 
which was made convergent in the coincidence limit by a natural choice of the 
parameters of the Minkowski Green’s distribution. 

(iii) Having guaranteed the convergence of the mode sum in [G^(a;, x') —Gug^dix, x')] 
when x' —)■ x, we can safely take the coincidence limit and obtain the renor- 
malised vacuum polarisation. 


3.3 


A few remarks are in order. First, as we have emphasised in this thesis, in step 
(ii) above, the procedure involved in guaranteeing the convergence of the mode sum 
in [G^(a;, x') — Gu^dix, x')] in the coincidence limit, where GHad(a^, x') is expressed as 
a sum over mode solutions on the complex Riemannian section of Minkowski, does 
not require the knowledge of the mode solutions of the held equation in closed form, 
but only the hrst terms of the asymptotic expansion for large values of the quantum 
numbers. These were obtained in Section 3^ and Appendix This allows the 
method to be extended to the Kerr black hole and other higher-dimensional rotating 
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black holes for which the mode solutions have to be constructed fully numerically. 
Hence, the implementation of our method for Kerr would seem feasible in principle, 
and it should prove interesting to attempt the implementation in practice. 


Second, as seen in Section 3A this method is not suitable to renormalise local 
observables which involve covariant derivatives of the held operators, such as the 
expectation value of the stress-energy tensor, {Tab{x)). For observables of this type, 
we were not able to subtract the short-distance divergences by expressing the sin¬ 
gular terms as sums over mode solutions, or derivatives of mode solutions, on the 
complex Riemannian section of Minkowski. This is due to the fact that the shift 
function of the metric of Minkowski written in some rotating coordinate system is 
a constant in spacetime, whereas the shift function of the metric of a rotating black 
hole is a function of the radial coordinate in some coordinate system. 

For the specihc case of the (2-|-l)-dimensional warped AdSa black hole considered 
in Part II of the thesis, one possibility is to consider the rotating BTZ black hole 
as a reference background, instead of Minkowski, since it is possible to explicitly 
compute the renormalised expectation value of the stress-energy tensor by using the 
fact that the rotating BTZ corresponds to AdSs with discrete identihcations. The 
calculation of the renormalised expectation value of the stress-energy tensor for the 


rotating BTZ was done in 31 . We hope to look into this case in the future. 

For other rotating black holes, a more general method is required. Our method 
requires the knowledge of the Feynman propagator in both closed form and as a 
mode sum for a reference spacetime and the only available examples are Minkowski, 
AdS and dS. These are sufficient for the renormalisation of local observables on static 
black hole spacetimes, for which there are coordinate systems such that the shift 
function vanishes, but not for stationary, but non-static, black hole spacetimes. 
This remains as an open question, one among several important open questions 
concerning classical and quantum aspects of rotating black holes, especially Kerr, 
such as its non-linear stability as a solution of the Einstein equations. 




Part III 
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Appendix A 


Complex Riemannian section of 
the Minkowski spacetime 


Consider (2+l)-dimensional rotating Minkowski spacetime. Choosing rotating, spher¬ 
ical coordinates (t,p,9), its metric is 

ds^ = — d? -I- dp^ -I- p^(d^ -I-, (A.l) 

with (t, p, 9) ~ {i, p,9 + 27r) and G M. In the complex Riemannian section, the 
metric is given by 

ds^ = dr^ -I- dp^ -I- p^(d0 — ihlM dr)^ , (A.2) 

with t = —IT. 

Note that in the real Lorentzian section, for 7 ^ 0, the Killing vector held 
X = becomes spacelike when p > We restrict our attention to the part 

of the spacetime where p < PM) such that at p = px < there is a timelike 

boundary at which Dirichlet boundary conditions are imposed. 

Moreover, we will require that 

(r,p,0) ~ (r + T“\p,0), (A.3) 

where Tm > 0 is to be interpreted as the temperature. 
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Consider the Klein-Gordon equation for a real scalar field of mass rriM, 

(V^-m^) <h(r,p,0) = 0, (A.4) 

which in this coordinate system is given by 



Id 

(n^\ 

dr"^ 

pdp 

K dp) 


P 


^ 89^ 


+ 2iTtyidrdf) — m 


«h(r,p,0) = O. (A.5) 


Using the ansatz <h(r, p, 0) = one gets 


W Id / k'^\ 

—0(p) + -^0(P) - U<^ + ikOmf + ml^ + — \ (j){p) = 0 . (A.6) 

Two independent solutions are 

= 4 {u+ ikQmy + , 4>lt^{p) = K^ (wT ikQ^^ + . (A.7) 

where R and Kk are the modified Bessel functions and the principal branch of the 

square root is understood. 


The Green’s distribution G^(a;, x') associated with (A.4) satisfies the equation 


(V^ — m^) x') = — ^ ^ - = —-6{t — t')6{p — p)6{6 — 6'). (A.8) 

\/9{.x) P 

Given the periodicities of r and 9,0 = 27iTMn, with n G Z, and k E Z. Thus, 


SR-9') = — \ 

2 it 

k=—oo 




s(t - t') = TmY^ e 


in 2 -KTM(T—T') 


(A.9) 

(A.IO) 


If one now expands the Green’s distribution G^(a:,x') as 

oo oo 

G“'(x,x') = 7^ V G^Rp, p'), 

ZTT 

n=—oo k=—oo 

then G^^(p, p') satisfies 


dp 2 


GfkiPW') + --^GfkiPW') - ( (27rTMn + ^ ) G“fc(p,p' 


pdp 




P^ 


(A.ll) 


- PQ 

P 


(A.12) 
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Consider the homogeneous equation associated with (A. 12) and let p^kip) be the 
regular solution near p = 0 and q^^ip) be the Dirichlet solution near p = pM- Then, 
the unique solution to the inhomogeneous equation is 




(A.13) 


where p< := min{p, p'}, p> := max{p, p'} and is a normalization constant which 
is determined from the Wronskian relation 


'^nk I Pnk 


,M 


H H T)^ 

'^Hnk „M '^Pnk 


dp 


^nk 


dp 


1 

P 


(A.14) 


Comparing (A.6) and (A.12) one concludes that the solutions to the homogeneous 


equation corresponding to (A.12) are 


Pnfc(p) = > (lnk{p) = 0L(P) - ~wf^^nk{p) > (A-15) 

Vnk\PM) 


where (fL^kip) ■= 0k(p)|ci=27rrMn- Moreover, Eq. (A.14) leads to = 1, thus. 


C.(P,P')= 0 L(P<) 




^nkiPM) ,1 


4>hkipM) 




(A.16) 


The Hadamard singular part of the Green’s distribution is given in closed 


form by (3.42). We also want to express the Hadamard singular part of this Green’s 


distribution as a mode sum. 


We can write the Green’s distribution G™{x,x') (A.11) as 


G'^(a:,a;') = G^,,(x,x') + G“(x,x'), 


(A.17) 


where G“g(x, x') is hnite when x' —)• x. As has no mirror dependence, it is 

convenient to express it as 

/ oo oo \ 

G'Li(x,x') = ^ E E (A.18) 

\k=—oo n=—oo / 


with 


GS,(P,P') :=-#'L(p)&(p'). 


(A.19) 
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and G^g(a;,a;') finite when x' —)■ x. In this form, neither of the terms on the RHS 
of ( A.18| ) has any mirror dependence. We have written as a mode snm (plus 
a regular term), which can be used to subtract the divergences in the black hole 

It remains to compute G^g(x,x'). 


Green’s distribution, as detailed in Sec. 


3.3 


Since this term is hnite in the coincidence limit, we only need to determine the limit 
of this term when x' —)■ x. 

First, it will be useful to determine in closed form. Suppose that x and x' 
are angularly separated, i.e. t = t' and p = p'. Then, the complex Synge’s world 
function is given by 


a(x, x') = ^ p^{e' - + 0{e' - 9)^ . 

The Hadamard singular part of the Green’s distribution is then 




+ 0{9' - 9) 


(A.20) 


(A.21) 


4vrp|6»' - 9 \ 

Without loss of generality, let x = (r, p, 0) and x' = { t , p , 9 ), with 9 > 0 , such 


that 




(A.22) 

Note that we can relate the thermal Green’s distribution G'^(x,x') at tempera¬ 
ture Tm to the Green’s distribution G^(x, x') of a scalar held at zero temperature 


using the image sum formula (2.110), 


G^(r,p,0; r',p',0') = p\0'). 

N=—oo 

The zero-temperature Green’s distribution can be written as 

1 p-mMiAs 

Gf{x,x') = -^^ + Gr{x,x'), 

where G^(x, x') is the contribution which contains the mirror dependence and is 
hnite when x' —)■ x. For Minkowski spacetime in the complex Riemannian section. 
As is given by 


(A.23) 


(A.24) 


As^ = (r' — tY + {p — p'Y + 4pp^ sin^ 


-{9'-9- iVtmir' - r] 


(A.25) 
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In the case of angular separation, the Green’s function becomes 




4:71 


E 

N=—oo 


—rriM 








1 

Att 


E 

N^O 


^ +Vsin^ 

-"^My(4)"+4p2sin2(f+i^) 


+ G^(r + ^,p,0; t , p , 9 ) 


1 ) +Vsin^(| + , 


2 cm2 f ^ _L 7lhsX 


3-2mMPsin(0/2) 

2 psin(0/2) 


+ G^(r,p,0; t , p , 9 ) 
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N=—oo 
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(A.28) 


G^g(a;, x') has a hnite limit when 0 —)■ 0, except for isolated values of the pa¬ 


rameters at which the the square root in (A.27) vanishes. To see this, consider the 


expansion of the argument of the square root for small positive values of 9: 
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When — 4p^sinh^ ^ positive branch of the square root is to be 

used when 0 —)■ 0. Otherwise, when sinh^ (§^) ^ square root 

when 6^ —)■ 0 is given by 


i sgn(r2M^) \ / 4p^ sinh^ 
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Hence, one can take the limit 0 —)■ 0 in G^g(a;,a;') to obtain 

-^M^J sinh2(|^)+iesgn(nMA0 


lim (a;,a;') = — 
x'^x 47r 


-rriM 
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\l (fi)' (^) + «=gl(fiMiV) 


(A.31) 


with e 0+, if ) - Ap^ sinh' 
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^ 0 . 



Appendix B 


WKB expansions 


In this appendix we describe the WKB method used to obtain asymptotic expansions 
for solutions of differential equations which can be written in a Schrodinger-like form. 


A standard reference is 119 


Let and 0^^ be two independent solutions of the radial equation of a field 
equation for which there is a radial coordinate ^ such that the equation can be 
written in a Schrodinger-like form 




QnkiO 4>nk{0 = 0 ) 


(B.l) 


and the Wronskian relation is given by 

i2 ^ tR n't 

(B.2) 

where Cnk is a constant, QnkiO •= XnkiO +^^(0 and XnkiO contains all the n and 
k dependence and is large whenever ■= -n? + k'^ is large. 

We assume that /(^; A) := —QnkiO has an asymptotic expansion of the form 

OO 

X^+ca, (B.3) 

j=0 

where {aj(A)}^o is an asymptotic sequence such that ao(A) = 1. In this case, 
standard WKB theory guarantees that there is an asymptotic expansion for the 
solutions * = 1) 2, when A —>■ -|-oo, given by the so-called WKB method. 
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Lemma B.0.1. Rewrite the differential equation (B.l) as 

2dVnfc(0 




- QnkiO 4>nkiO = 0 ! 


(B.4) 


where e > D is an expansion parameter (which may he set to 1 at the end). The 
WKB expansions of and are the asymptotic expansions in e, 
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Proof. See e.g. Chapter 10 of 119 


(B. 6 ) 

□ 


The WKB expansions give us the asymptotic behaviour of the solutions <)U 0 
and (pnkiO for forge values of QnkiO- 

We are interested in obtaining the large Xnk expansion of 


GnkiO ■= Cnk (fnkiO 4>nki.O ■ 


(B.7) 


Proposition B.0.2. The asymptotic expansion of Qnk{0 for large values of Xnk is 


QnkiO = 
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ixlk)" , ^[ixlk)\ , 
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(B. 8 ) 
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Remark B.0.3. Note that all of the second, third and fourth terms on the RHS of 


(B. 8 ) are of order Xnl- 


Proof. Lemma B.0.1 allows us to write 
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Expanding Qnk for large valnes of Xnk, 
1 1 


2Q;f (xL + rfP 2x 


1 - 


rj 


+ ^iXnk) 


^nk 


(B.IO) 


and setting the expansion parameter e = 1 gives the resnlt. 


□ 


We will also be interested in the large Xnk expansion of 

ofG'nkiO for large values of Xnk 


(B.ll) 


IS 


Proposition B.0.4. The asymptotic expansion 

SUO = ^ + o{x-2 ). (B.12) 


nk 


Proof. From (B.5) 
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Hence, nsing (B.9), 
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Expanding for large Xnk gives the result. 
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Appendix C 


Hypergeometric functions 


In this appendix, we give a very brief overview of the hypergeometric differential 
equation, the hypergeometric function and a few of its properties. For a more 


complete overview, see e.g. 120 -122 


Consider the 2nd-order ordinary differential equation, 

xdti , 


(C.l) 


Recall that 


(i) if P{z) and Q{z) remain hnite Sit z = Zq, then zq is called an ordinary point] 

(ii) if either P{z) or Q{z) diverges as z ^ Zq, then zq is called a singular point] 

(hi) if either P{z) or Q{z) diverges as 2 ; —)■ zo, but {z — zo)P{z) and (z — zo)^Q(z) 
remain hnite at z = Zq, then zq is called a regular singular point. 


If (C.l) has at most three singular points we may assume that these are 0, 1, 00 . 


If these singular points are also regular, then (C.l) can be reduced to the form 


/ s r / , N n dn 

z{l - z)—^ + [c - {a + b + l)z] - - abu = 0, 

dz^ dz 


(C.2) 


where a, 6, c G C are independent of ; 2 . This is the hypergeometric differential 
eguation. 
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If c ^ Zq , then one solution which is regular at ^ = 0 is the hypergeometric 
function. 

Definition C.0.5. The hypergeometric function F{a,b;c]z) := 2 Fi{a,b;c]z) is 
given by the series 

r(c) >^r(a + fc)r(6 + fc); 2 ^ 


F(a, 6 ; c; z) : = 


E 


r(a)r( 6 )^ T{c + k) DP 


(C.3) 


when | 2 ;| < 1 and elsewhere by analytical continuation. 


The hypergeometric function F{a, b; c; z) is not dehned for c G Zq and the prin¬ 
cipal branch is the branch |arg(l — z)\ < tt. 

We now list the linearly independent solutions of the hypergeometric differential 


equation (C.2) when none of the numbers a, 6 , c — a, c — 6 is an integer (for other 
cases, see the references listed above). 


(i) If c ^ Z, then two independent solutions are 


Ui{z) = F{a, b; c; z), 

U 2 (z) = z^~‘^ F{a + 1 — c,b + 1 — c-,2 — c] z). 


(C.4a) 

(C.4b) 


(ii) If c G Z, then two independent solutions are 


ui{z) = 


F{a, b;c; z), c > 0 , 

p(^Q^ _|_x — c, 6 - 1-1 — c ;2 — c; 2 ;), c< 0 , 


(C.5a) 


U2{z) = 


F{a, b] a + b + 1 — c;l — z) , a + b + 1 — c^Ijq 

(1 — F{c — a, c — b] 1 + c — a — b] 1 — z) , a + b + 1 — c & Zg 

(C.5b) 

A few important properties of the hypergeometric function F{a, 6; c; z) which are 
necessary in the text are the following. 
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1. At z = 1, 

F{a,b;c;l) = ^ Re[c-a-b]>0. (C.6) 

i (c — a)t [c — b) 

2. One of the transformation formulas is 

F{a, b; c; z) = — F{a, b;a + b + 1 — c;l — z) + {1 — zY “ ^ 
f (c — a)L [c — b) 

X r(c)r(a + 6 ^ 1 ^ ^ ^ 1 - 

r(a)r(6) 



Appendix D 


Classical black hole superradiance 


In this appendix, we give a very brief overview of the classical superradiance phe¬ 
nomenon on stationary black hole spacetimes. For more details, see e.g. Ref. 94 . 

We assume that the background black hole spacetime is asymptotically flat and, 
moreover, stationary and axisymmetric. Consider a classical matter field perturba¬ 
tion which may be expressed in terms of a single master variable 4/ which obeys a 
Schrodinger-type equation of the form 



(D.l) 


where V is the effective potential and the tortoise coordinate r* maps a radial 
coordinate r G (r+,oo) to (— 00 , 00 ), where r_|_ is the horizon radius. Given the 
symmetries of the spacetime, we consider a mode solution with frequency cj and 


angular momentum number k of the form e If we assume that the effective 


potential V is constant at the horizon and at infinity, then the mode solution has 
the following asymptotic behaviour 



A + B e , r —)■ r+ , 


(D.2) 



where := V(r^) and := lim^-^-oo V(r). 

These boundary conditions correspond to an incident wave of amplitude B from 
infinity, a reflected wave of amplitude C, a transmitted wave of amplitude B at the 
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horizon and an ontgoing wave of amplitnde A from the horizon. Even thongh we 
do not expect ontgoing flnx from the horizon at a classical level, a term of this form 


can be usefnl to dehne bases of mode solutions, as in Section 5.1.3 


If we now assume that the effective potential V is real-valued, then (D.l) is 
invariant under the transformations t ^ —t and u —)■ —uj and, hence, tl' is also a 


solution of (D.l) and is linearly independent of tb. Therefore, the Wronskian 

dT — dT 

IE(T,T) 

dr* dr* 


(D.3) 


is independent of r*. It thus follows that the Wronskian evaluated at the horizon, 
^(T, T) = 2iuu — l-Bp), must equal the one evaluated at inhnity, ^(T, T) = 
2iuJoo{\C\'^ — |Dp), so that 


|Cp - |D|2 = — (|kl|2 - |5|2) . (D.4) 

^OO 

If there is no flux coming from the horizon, A = 0, then \C\^ < |Dp when 
UT-i/oJoo > 0 , i.e. the amplitude of the reflected wave is smaller than of the incident 
wave. However, for uj-^i/ojco < 0, the wave is amplihed, |Cp > \D\^. This is the 
phenomenon of superradiance. If H 7 ^ 0 but 5 = 0, then superradiance occurs if 
\D\^ > ICp, i.e. for cn^/woo < 0 . 
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